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Abstract. The purpose of this paper is to prove the main conjecture of non- 
commutative Iwasawa theory for p-adic Lie extensions for totally real fields, for 
an odd prime p, assuming Iwasawa's conjecture on vanishing of the cyclotomic 
/i-invariant for certain CM extension of the base field. 
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1. Introduction 

Iwasawa theory studies the mysterious relationship between purely arithmetic 
objects and special values of complex L-functions. A precise form of this relation- 
ship is usually called the "main conjecture". Historically, the first version of this 
main conjecture was stated for the cyclotomic Zp-extension of totally real number 
fields. In the last decade this main conjecture has been vastly generalised to all 
p-adic Lie extensions of a totally real number field containing the cyclotomic Zp- 
extension of the base field. The aim of this paper is to prove the main conjecture 
of "noncommutative Iwasawa theory" for p-adic Lie extensions, for an odd prime 
p, of totally real number fields assuming that the Iwasawa fi invariant of a certain 
CM extension of the base field vanishes (see definition [8]) . Throughout this paper 
j9 is a fixed odd prime number. 

The details of contents in the paper are as follows: In section [2] we set up the 
notation, recall some definitions and results from algebraic i^-theory and state 
our main theorem. This is the main conjecture of Iwasawa theory for totally real 
number fields. 

In section [3] we recall the results proven by Deligne-Ribet [8j , Cassou-Nogues 
and Barsky [T] on the construction of p-adic zeta functions in commutative 
Iwasawa theory and the statement of the main conjecture of classical Iwasawa 
theory as proven by Wiles [H], Mazur- Wiles |25] and Rubin [2^. In this section 
we also prove that under the assumption 'hypothesis fi = (definition [8]) is true' 
the main theorem for extensions whose Galois group is of the form ^ x A, where 
Q is an abelian p-adic Lie group and A is a finite group of order prime to p, can 
be easily deduced from the result of Wiles, Mazur- Wiles and Rubin (see theorem 

m- 
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In section H] we prove several algebraic results and obtain various reductions. 
Burns and Kato made a beautiful observation which is used in all our reduction 
steps. It can be described as follows: for an open subgroup U of Q and a closed 
normal subgroup V of U, then we have a map 

eu,v : K[mg)) ^ K[{A{U)) ^ K[{A{U/V)), 

which is a composition of the norm map and the map induced by natural surjection. 
Similarly, we have a map 

eu,v,s : K[iA{g)s) ^ K[iAiU/V)s), 

where S is the canonical Ore set defined by Coates et.al. [6] (see subsection 12. ip . 
If we wish to reduce the proof of main conjecture for an extension with Galois 
group ^ to a class of subquotients, say Cl{Q), we must describe the kernel and the 
image of the map 

i0u,v)u/veci(g) : K[{Aig)) J] KiHU/V)), 

ci{g) 

and prove that 

Im{{euy,s)ci(G))^ n ^{K[{^iU/V))) = i{Im{{euy)cKG))). 
ci{g) 

where t is the natural map K[{A{-)) — t- K[{A{-)s). The above intersection takes 
place in Y[cn^g)K[{A{U /V)s). 

We first reduce the proof of the main conjecture for arbitrary p-adic Lie ex- 
tensions to those of one dimensional p-adic Lie extensions (theorem [2T1) . This 
reduction is a result of Burns [2] presented differently here. Next we reduce the 
proof of the main conjecture of one dimensional p-adic Lie extensions to the case 
when the p-adic Lie group has a Qp-elementary quotient (see definition [25]) by 
an open central pro-cyclic subgroup (theorem [27j) . This reduction uses induction 
theory of Dress [9]. The /-Qp-elementary case, for / 7^ p, is unsurprisingly easier 
and is handled first by the algebraic result of proposition [30] and the theorem [T8l 
The p-Qp-elementary case is reduced to the case pro-p x A, where A is a finite 
cyclic group of order prime to using ideas from Oliver [27j chapter 12. This is 
theorem [23 

In section [S] we describe the Whitehead group of the Iwasawa algebra of a one 
dimensional pro-p, p-adic Lie group in terms of the Whitehead groups of Iwasawa 
algebras of abelian subquotients of the group. We also prove a result about White- 
head groups of a localisation of the Iwasawa algebra used in the formulation of 
the main conjecture (see definition [511 and theorems [52] and [53]) . Such theorems 
were first proven by Kato [21] for Iwasawa algebra of open subgroups of Zp x . 
The strategy we use for proving these theorems is a generalisation of the strategy 
Kato used in [22] for p-adic Heisenberg groups. It uses the integral logarithm of 
Oliver and Taylor. This strategy was used by the author to prove such algebraic 
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theorem for pro-p meta-abelian groups in [19j and by Hara for the groups of the 
form H X Zp, where if is a finite group of exponent p, in [13]. The author beheves 
that results in sections S] and E] will be useful in handling noncommutative main 
conjectures for other motives. Hence the results in these sections are presented in 
a self contained manner independent of other sections in the paper. 

Thanks to the observation of Burns and Kato mentioned above and Wiles' the- 
orem (the abelian main conjecture), the algebraic results in section [5] reduces the 
proof of the main conjecture to verifying certain congruences between the Deligne- 
Ribet, Cassou-Nogues, Barsky p-adic L-functions (here we are using the hypothesis 
/i = 0). This is explained in sectional proposition [23] (see also the paper of Burns 
[2]). The required congruences, theorem [UH are proven using the Deligne-Ribet 
g-expansion principle. The author learned about the use of g-expansion principle 
from the preprint of Kato [22], however, here we follow the more elementary ap- 
proach of Ritter- Weiss |30]. The proof of the congruences is presented in section 
[6] after a quick introduction to the theory of Hilbert modular forms in subsections 
16. 6116. Ill respectively. 

I have accumulated quite a debt of gratitude in writing this paper. Most of all 
to my teacher Professor John Coates for introducing me to this problem, many 
invaluable suggestions and discussions and for constant inspiration. To Professor 
Kazuya Kato for generously sharing his ideas on the main conjecture with me while 
I was a graduate student in Cambridge. To Professor David Burns for motivating 
discussions and much needed encouragement towards the end of this paper. I 
would like to thank Professor Peter Schneider and Professor Otmar Venjakob for 
carefully reading an earlier version of the manuscript and pointing out several 
errors. Much of this work was done while I was visiting Newton Institute for the 
programme on "Non- Abelian Fundamental Groups in Arithmetic Geometry" and 
I thank the organisers, especially Professor Minhyong Kim, for inviting me and 
providing a very stimulating environment. 

2. Statement of the main conjecture 

In this section we formulate the main conjecture in noncommutative Iwasawa 
theory for totally real number fields following Coates et. al. [0]. 

2.1. The set up. Let F be a totally real number field of degree r over Q. Let p 
be an odd prime. The field F(/ipoo) = U„>iF(/ipn), where /Xpn denotes the group 
of p"th roots of unity, contains a unique Galois extension of F whose Galois group 
over F is isomorphic to the additive group of p-adic integers Zp. This extension is 
called the cyclotomic Zp-extension of F and we denote it by F'^'^'^. We write P for 
the Galois group of F'^'^'^ over F. 

Definition 1. An admissible p-adic Lie extension F^ of F is a Galois extension 
Foo of F such that (ijF^o/F is unramified outside a finite set of primes of F, 
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(ii) Foo is totally real, (in) Q := Gal{Foo/F) is a p-adic Lie group, and (iv) F^o 
contains F'^^'^. 

From now on, Foo/F will denote an admissible p-adic Lie extension, and we put 

g = Gal{F^/F), H = Gal{F^/F''y''), T = g/H. 

Let S denote a finite set of finite primes of F which will always be assumed to 
contain the primes of F which ramify in F^o- For an extension L of F we denote 
the set of primes in L lying above S by S/,. 

For any profinite group P, and the ring of integers O in a finite extension of Qp, 
we define the Iwasawa algebra 

^o{P) :=limO[P/f/], 

u 

where U runs through the open normal subgroups of P, and 0[P/U] denotes the 
group ring of P/U with coefficients in O. When O = Zp, we write simply A(P). 
Unless stated otherwise, we shall consider left modules over the Iwasawa algebras 
Ao(P). Following Coates et. al. [6], we define 

S{g,H) = {s e AoiG) : ko{Q)/Ko{Q)s is a finitely generated ko{H) - module}. 

We will usually write just S for S{Q, H) since Q and H should be clear from 
context. It is proven in loc. cit., that S is multiplicatively closed subset of nonzero 
divisors in Ao{Q), which is a left and right Ore set. Hence the localisation Ao{Q)s 
of Ao{G) exists, and the natural map from Ao{G) to Ao{G)s is injective. A Ao{G)- 
module M is called S'-torsion if every element of M is annihilated by some element 
in 5*. It is proven in loc. cit. that a Ao(^)-module M is S'-torsion if and only if it 
is finitely generated Ao(-ff)-module. 

2.2. ii'-theory. In this subsection we recall a few notions from algebraic i^-theory. 
Most of this part is based on the introductory section of Fukaya-Kato [T^ . 

Definition 2. For any ring A, the group Kq{A) is an abelian group, whose group 
law we denote additively, defined by the following set of generators and relations. 
Generators : [P], where P is a finitely generated projective A-module. Relations: 
(i) [P] = [Q] if P is isomorphic to Q as a A-module, and (ii) [P(BQ] = [P] + [Q]. 

It is easily seen that any element of Kq{A) can be written as [P] — [Q] for finitely 
generated projective A-modules P and Q. Moreover, [P] — [Q] = [P'] — [Q'] in 
Kq{A) if and only if there is a finitely generated projective A-module R such that 
P © Q' © P is isomorphic to P' © Q © P. 

Definition 3. For any ring A, the group Ki{A) is an abelian group, whose group 
law we denote multiplicatively, defined by the following generators and relations. 
Generators : [P, a], where P is a finitely generated projective A-module and a is 
an automorphism of P. Relations : (i) [P, a] = if there is an isomorphism 
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/ from P to Q such that f o a = P o f , (U) [P, a o /3] = [P, a] [P, /3] , and (Hi) 
[P©Q,a©/3] = [P,a][Q,/3]. 

Here is an alternate description of Ki[A). We have a canonical homomorphism 
GLn{A) — >• i^i(A) defined by mapping a in GL„(A) to [A", a], where A" is regarded 
as a set of row vectors and a acts on them from the right. Now using the inclusion 

maps GLn{A) ^ GLn+i{A) given by 51 h-^ ^ ^ *^ ^ , we let 

GL{A) = U„>iG'L„(A). 

Then the canonical homomorphisms GL„(A) — )■ Ki{A) induce an isomorphism 
(see for example Oliver [27], chapter 1) 

GL{A) ^ 
[GL{A),GL{A)] -"^1^''^' 

where [GL{A), GL{A)] is the commutator subgroup of GL{A). If A is commutative, 
then the determinant maps, G'L„(A) — ?► A^, induce the determinant map 

det : Ki{A) A^ 

via the above isomorphism. This gives a splitting of the canonical homomorphism 
A^ = G'Li(A) — )■ Ki{A). If A is semilocal then Vaserstein ([32] and [ID]) proves 
that the canonical homomorphism A^ = GLi(A) — )■ Ki{A) is surjective. From 
these two facts we conclude that if A is a semilocal commutative ring, then the 
determinant map induces a group isomorphism between Ki{A) and A^. 

Example: If P is a compact p-adic Lie group, then Ao(P) is a semilocal ring. 
Hence if P is an abelian compact p-adic Lie group then i^i(Ao(P)) = Ao(P)^. 

Let / C A be any ideal. Denote the group of invertible matrices in GL{A) which 
are congruent to the identity modulo I by GL{A,I). Denote the smallest normal 
subgroup of GL{A) containing all elementary matrices congruent to the identity 
modulo / by E{A,I). Finally, set i^i(A,/) = GL(A, /)/P(A, J). A lemma of 
Whitehead says that E{A,I) = [GL{A),GL{A, I)]. Hence Ki{A, I) is an abelian 
group. 

Let / : A — 7- A' be a ring homomorphism. We consider the category C/ of all 
triplets (P, a, Q), where P and Q are finitely generated projective A- modules and 
a is an isomorphism between A' ©a P and A' ©a Q as A'-modules. A morphism 
between (P, a, Q) and (P', a', Q') is a pair of A-module morphisms g : P ^ P' 
and h : Q Q' such that 

a' o (Jc/a' ® g) = (Id^' ®h)oa. 

It is an isomorphism if both g and h are isomorphisms. A sequence of maps 

-> (P', a\ Q') ^ (P, a, Q) ^ (P", a", Q") ^ 0, 

is a short exact sequence if the underlying sequences 

^ P' ^ P ^ P" ^ 0, and 
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^ Q' ^ Q ^ Q" ^ 0, 

are short exact sequences. 

Definition 4. For any ring homomorphism / : A — )■ A', the group Ko{f) is an 
abelian group, whose group law we denote additively, defined by the following gen- 
erators and relations. Generators : [{P,a,Q)], where {P,a,Q) is an object in Cf. 
Relations : (i) [{P,a,Q)] = [{P',a',Q')] if {P,a,Q) is isomorphic to {P',a',Q'), 
(a) [(P, = [(P', a', Q')] + [(P", a", Q")] for every short exact sequence as 

above and (iii) [(Pi, /3 o a, P3)] = [(P^, a, P^)] + [(P2, /3, P3)] . 

For the canonical injection, say i, of A(^) in K{Q)s^ we write _K'o(A(^), A(^)s') for 
Kfiii) and call it the relative Kq. We give two other descriptions of this group 
i^o(A(^), A(^)5). For details see Weibel |13]. Let C5 be the category of bounded 
complexes of finitely generated projective A(^)-modules whose cohomologies are 
S'-torsion. Consider the abelian group -^"0(^5) with the following set of generators 
and relations. Generators : [C], where C is an object of Cs- Relations : (i) [C] = 
if C is acyclic, and (ii) [C] = [C] + [C], for every short exact sequence 

^ C ^ C ^ C" ^ 0, 

in Cs. 

Let Tis be the category of finitely generated A(^)-modules which are S'-torsion 
and which have a finite resolution by finitely generated projective A(^)-modules. 
Let Kq{1-Ls) be the abelian group defined by the following set of generators and 
relations. Generators : [M], where M is an object of 1-Ls- Relations : (z) [M] = 
[M'] if M is isomorphic to M', and {ii) [M] = [M'] + [M"] for every short exact 
sequence 

^ M' ^ M ^ M" ^ 0, 
of modules in 7^5. There are isomorphisms 

Ko{A{g),Aig)s)^Ko{Cs), and 

given as follows. First observe that every isomorphism a from A{g)s ®A(g) P to 
A{g)s ®A(g) Q is of the form s~^a with a a A(^)-homomorphism from P to Q and 
s an element of S. Then the above mentioned isomorphisms are respectively given 
by 

[(P, a, Q)] ^[P ^Q]-[Q ^Q], and 
[iP,a,Q)]^[Q/aiP)]-[Q/Qs]. 
The relative Kq fits into the localisation exact sequence of i^'-theory 

^ K,iAig)s) 4 KoiAig),Aig)s) A KoiAig)) -> KoiAig)s). 

The homomorphism d maps a in Ki{A{g)s) to [(A(^)", a, A(^)")], where a is any 
lift of a in GL^{A{g)s) and a lies in GLn{A{g)s). The homomorphism rj maps 
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[{P,a,Q)] to [P] — [Q] in Kq{A{Q)). The following lemma is essentially proven in 
Coates et.al. [6J under the assumption that Q has no element of order p. The same 
technique gives this more general result as we now show. 

Lemma 5. The homomorphism d is surjective. 

Proof: We will show that the homomorphism rj is 0. Fix a pro-p open normal 
subgroup P of Q, and put A = Q/P. We write V = V(A) for the set of irreducible 
representations of the finite group A over Qp and we take L to be some fixed 
finite extension of Qp such that all representations in V can be realised over L. 
Recall the construction in Coates et.al. [B] of the canonical homomorphism A from 
Kq{A{Q)) to ripGV ^o{L). It is the composition A = A4 o A3 o A2 o Ai of four natural 
maps Aj {i = 1, 2, 3, 4) as follows 

X,:KoiA{g))^Ko{Zp[A]), 

A2 : Ko{Zp[A]) ^ Ko{Qp[A]), 
Xs:Ko{Qp[A])^Ko{L[A]), 

A4 : ML[A]) ^l[Ko{Mn,{L)) ^1[Ko{L). 

pev pGV 
It can be shown that Ai, A2, and A3 are injective. Hence A is injective as well. 
We now recall an alternate description of A given in loc. cit.. The augmentation 
map from AoiG) to O induces a map from Kq{Ao{G)) to Ko{0) which we denote 
by r. Let f/ be a finitely generated Ac)(^)-module having a finite resolution by 
finitely generated projective Ac)(^)-modules. Then one can define the class of U, 
denoted by [U], in Ko{Ao{G)). Since O is a domain, Ko{0) can be identified with 
the Grothendieck group of the category of all finitely generated (9-modules. Then 
r is explicitly given by 

r([f/]) = E(-in^^(^'^)]- 

i>0 

r factors through the map 

e:Ko{Ao{g))^Ko{Ao{T)), 

given by the natural surjection of Aq{Q) on Ao(r). Moreover, e is given explicitly 
by 

Now take O to be the ring of integers of L and j be the isomorphism from Ko{0) 
to Kq{L) induced by the inclusion of O in L. Let tWp{U) be defined by U O^f, 
for any p in V. It can be made into a left Q module by the diagonal action. This 
action extends to make tWp{U) a A(^)-module. It is proven in Venjakob that 
tWp{U) is a finitely generated S-torsion A(^)-module if U is. 
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We now finish the proof. Take [{P,a,Q)] in Kq{A{Q) , A{Q) s) ■ As remarked ear- 
lier, a is of the form s~^a, with a a A(^)-homomorphism from P to Q and s is an 
element of S. We will show that [Q/a{P)] is in Ko{AiQ)). Put M = Q/a{P). 
Then Hi{H,tWp{M)) is a Ac)(r)-torsion module for all i > and thus its class in 
Ko{Ao(T)) vanishes. Hence it follows that e{[tWp{M)]) = 0, whence T{[tWp{M)]) = 
for all p in V. But this implies that A([M]) = and so [M] = in Ko{A{gj). 
This completes the proof. □ 

It will be more convenient to work with a slight modification of the Ki group 
which we now define. Lets put Ao{g)s as thep-adic completion of the ring Ao{G)s- 

Definition 6. Let O be the ring of integers in a finite extension L ofQp. Let P be 
a finite group. We define SKi{0[P]) = ker{Ki{0[P]) — > Ki{L[P])). For a pro- 
finite group Q = lim Q/U, we define SKi{Ao{g)) := lim SKi{0[Q /U]) . We define 

SKi{Ao{g)s) andSKi{A^{g)s) to be the image of SKi{Ao{Q)) inKi{A{g)s) and 
Ki{Ao{g)s) respectively under the natural maps 

K,{Ao{g)) ^ K,{Ao{g)s): 

and 

K^{Ao{g)) ^ K,{A^s). 

Definition 7. Let R he either Ao{Q) or Ao{Q)s or Ao{g)s, then we define 

K[{R)^K,{R)/SK,{R). 

2.3. The arithmetic side of the main conjecture. We now explain the basic 

arithmetic objects attached to Foo/ F needed to formulate the main conjecture. 

Let Moo be the maximal abelian p-extension of Fqo, which is unramified outside 
the set of primes above S. As usual Q acts on Gal{Moo/F^) hj g ■ x = gxg~^, 
where g is in and g is any hfting of g to Gal{M^/F). This action extends to a 
left action of A(^). 

Definition 8. We say that F^/ F satisfies the hypothesis /i = if there exists a 
pro-p open subgroup H' of H such that the Galois group over F^ of the maximal 
abelian p-extension of F^ unramified outside E is a finitely generated Zp-module. 

Let L be a finite extension of F such that L'^^'^ = F^' . Then the above hypothesis 
is equivalent to vanishing of the Iwasawa /^.-invariant of L{np). This vanishing of 
the //-invariant is a special case of a general conjecture of Iwasawa asserting that, 
for every finite extension K of Q, the Galois group over K'^^'^ of the maximal un- 
ramified abelian p-extension of i^'^^/c jg finitely generated Zp-module. When K 
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is an abelian extension of Q, this conjecture is proven by Ferrero- Washington [lOj 
(A different proof is given by Sinnott [38]). 

Lemma 9. Gal{Moo/ F^o) is finitely generated over A{H) if and only if Foo/F 
satisfies the hypothesis /i = 0. 

Proof: Put X = Gal{Moo/F^), and let H' be any pro-p open subgroup of H. 
Thus A{H') is a local ring. It follows from Nakayama's lemma that X is finitely 
generated over A.{H) if and only if Xh' is a finitely generated Zp-module. Let 
Fj] denote the maximal pro-p extension of F^o which is unramified outside primes 
above S. Then F^, is Galois over F. Let Koo = F^ . Then we have the inflation- 
restriction exact sequence 

^ H\H\%I'L.,) ^ H\Gal{Fj,/K^)Mpl'^p) 
^ iJi(Ga/(F2/F„o),Qp/Zp)^' ^ H\H',QM. 

As H' is a p-adic Lie group, Qp/Zp) are cofinitely generated Zp-modules 

for all i > 0. Moreover, since Gal{Fj^/ F) acts trivially on Qp/Zp, we have 

H\GaliF^/L), Qp/Zp) = /7om(Ga/(Mi/L), Qp/Zp), 

for every intermediate field L with F-^ D L D F; here denotes the maximal 
abelian p-extension of L which is unramified outside E^,. We conclude from the 
above exact sequence that Xh' is a finitely generated Zp-module if and only if 
Gal{MK^/Koo) is a finitely generated Zp-module. The conclusion of the lemma is 
now plain since Gal{MK^/ Koo) being a finitely generated Zp-module is precisely 
the hypothesis = for some open subgroup H' . □ 

In the view of the lemma, we shall henceforth make the following 
Assumption: Our admissible p-adic Lie extension F^o/F satisfies the hypothesis 
/i = 0. 

Remark 10. When F^o = F^^", Iwasawa [18j proves that X = Gal{Moa/ Faa) is 
a finitely generated K{T)-torsion module by showing that the 'Leopoldt defect' is 
bounded in the cyclotomic extension. When Q is a p-adic Lie group of dimension 
greater than 1, Ochi and Venjakob [25] show that X is finitely generated A{Q)- 
torsion module. 

The group X = Gal{Moo/ F^o) is a fundamental arithmetic object which is 
studied through the main conjecture. The above lemma shows that X is a S*- 
torsion module, however, if Q has elements of order p, then X may not have a 
finite resolution by finitely generated projective A(^)-modules. In our approach 
to the proof of the main conjecture it is necessary to consider Q having elements 
of order p. So we consider a complex of A(^)-modules which is closely related to 
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X, and is quasi-isomorphic to a bounded complex of finitely generated projective 
A(^)-modules. We put C{Foo/F) to be the complex 

C{F^/F) = RHom{RT,t{Spec{OFj^]),QM,Qp/^p)- 

Here Qp/Zp is the constant sheaf corresponding to the abelian group Qp/Zp on the 
etale site of Spec^Op^i^])- Since Qp/Zp is a direct limit of finite abelian groups 
of p-power order, we have an isomorphism with Galois cohomology 

RT,t{Spec{OFj^]),Qp.Zp) ^ RT{Gal{F^/ F^),^/^^). 

Here F^, is the maximal p-extension of Fqo unramified outside primes above S. 
Then 

r if i ^ 0,-1 

H\C{F^/F)) = { Zp if^ = 

[ Gal{M^/F^) iii = -l. 

The following results are proven in Fukaya-Kato |12j . 

(z) The complex C{Foo/F) is quasi-isomorphic to a bounded complex of finitely 
generated projective A(^)-modules. By passing to the derived category we identify 
C{Foo/F) with a quasi-isomorphic bounded complex of finitely generated A{Q)- 
modules. 

{a) If F G K G Fao is any extension of F, then 

(1) K{Gal{K/F)) C{F^/F) ^ C{K/F), 

where A(^) acts on the right on A{Gal{K/F)) through the natural surjection of 
A(^) on K{Gal{K/F)) and C{K/F) is the complex 

C{K/F) = RHom{RT,t{Spec{OK[^])Mpl'^p)Mpl'^p). 

By lemma [9l we know that G{Fqo/F) is S-torsion i.e. A{Q)s ®A(g) C{Foo/F) is 
acyclic. Hence we can talk about the class of G{Foq/F), denoted by [G{Foq/F)], 
in the group Ko{A{g),A{g)s). 

2.4. The analytic side of the main conjecture. We now explain the analytic 
objects in the Iwasawa theory of F^o/ F needed for formulating the main conjecture. 

Let p be an Artin representation (i.e. kernel of p is open) of Gal{F / F) on a finite 
dimensional vector space over Q^, factoring through Q. Let a be an embedding 
of Qp in C. The resulting complex Artin representation a o p gives the complex 
Artin L-function L{a o p^ s). A famous result of Klingen [23j and Siegel |35] says 
that L{a o p, —n) is an algebraic number for any odd positive integer n. This 
number depends on the choice of a. If a is replaced by another embedding then 
we get a conjugate of the algebraic number L{a o p, —n) over Q. However, the 
beauty of the result of Klingen and Siegel is that it makes it possible to choose a 
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canonical conjugate. Hence we obtain an algebraic number L(p, —n), "the value of 
complex L-function associated to p at —n". For details see section 1.2 in Coates- 
Lichtenbaum [7| (when p is one dimensional see equation (IT^ below in section 16.31 
For p of higher dimension one has to use Brauer's induction theorem). Similarly, 
we can define the value of complex L-function associated to p at —n with Euler 
factors at primes in E removed. We denote it by L-£{p, —n). This value obviously 
depends only on the character associated to p. We use the same letter to denote 
Artin representation and its character. 

Let L be a finite extension of Qp with ring of integers O. Let p be a continuous 
homomorphism from Q into GLn{0). It induces a ring homomorphism from A(^) 
into M„(Ao(r)). This homomorphism is given on elements of Q by mapping a in 
Q to p(cr)a, where a is the image of a in F. We write Qo(r) for the field of fraction 
of Ao(F). It is proven in [6] that this homomorphism extends to a homomorphism 

: A{g)s ^ M„(Qo(r)). 

$p induces a homomorphism 

$; : K[iAig)s) K.iM^iQoim = Qoir)\ 

Now let ip be the augmentation map from Ao(F) to O. We denote its kernel by 
p. If we write Ao(F)p for the localisation of Ao(F) at the prime ideal p, then ip 
extends to a homomorphism 

if : Ao(F)p ^ L. 

We extend this map to a map ip' from Qo(^) to L U {oo} by mapping any x in 
(5o(r) — Ao(F)p to oo. The composition of $^ with p' gives a map 

K[{A{g)s)^LU{oo} 
X x(p). 

In the classical Iwasawa theory x(p) would be written as Jg pdx. 
This map has the following properties: 

(i) Let Q' be an open subgroup of Q. Let x be an one dimensional representation 
of g' and p = Ind^,{x)- If N is the norm map from K[{A{g)s) to K[{A{g')s), 
then for any x in K[{A{g)s), we have x{p) = {Nx){x)- Note that A{g)s is a free 
A(^')5'-module of finite rank as proven in [33], proposition 4.5 (i). 

(ii) Let Pi be continuous homomorphisms from g into GLnXL), for i = 1,2. We 
then get a continuous homomorphism pi © p2 from ^ into GL„^_|_„2(L). Then for 
any x in K[{A{g)s), x{pi ©P2) = x{pi)x{p2). 

{iii) Let f/ be a subgroup of if, normal in ^. Let tt be the homomorphism 
from K[{A{g)s) to i^r((A(^/f/)5') induced by the natural surjection of A{g)s onto 
A{g /U)s. Let p be a continuous homomorphism of g /U into GLn{L). We write 
inf{p) for the composition of the natural surjection from g onto ^/f/ with p. Then 
for any x in i^'i(A(^)5), we have x{inf{p)) = n{x){p). 
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2.5. The Statement. Notation: Let Kp be the p-adic cyclotomic character 

Gal{F{fipoo)/F) Zp^ 

defined by 

for any a in Gal{F{^poo) / F) and any p-power root of unity C,. 

We are now ready to state the main conjecture. RecaU the localisation sequence 
of i^-theory 

K[{k{g)) K[{Aig)s) 4 KoiAig),A{g)s) ^ o. 

Theorem 11. (Main Conjecture^ Let Foo/F be an admissible p-adic Lie exten- 
sion satisfying the hypothesis /i = 0. Then there is a unique ({Foo/F) in K[{A{g) s) 
such that d{({Foo/ F)) = —[C{Foo/F)] and for any Artin character p of g and any 
positive integer r divisible by [Foo(/Up) : Foo], 

aFjF){pK^p)=L^{p,l-T). 

Remark 12. The Main Conjecture in this form was first formulated by Kato 
|20] . and Fontaine and Perrin-Riou [H] in the case when g is abelian. This was 
generalised to include noncommutative groups g by Burns and Flach [3], Huber 
and Kings [T7], Coates et.al. [6J, and Fukaya and Kato ^12j. The case of one 
dimensional p-adic Lie groups was considered by Ritter and Weiss in [21] and 
proved very recently in [32] ■ Using their result D. Burns [2J proved the general case. 
We must warn that in all above sources the p-adic zeta function is conjectured to 
live in Ki as opposed to K[ and hence uniqueness may not hold. However, the two 
versions are equivalent because SKi{A{g)s) = Ker{d) fl {OpKer^ip' o ^'p)), where 
p runs through all Artin representations of g , as proven by Burns [2J. 

Remark 13. ({Foo/F) is called a p-adic zeta function for the extension F^q/F. 
It depends on S but we suppress this fact in the notation. If g is abelian then 
existence and uniqueness of the p-adic zeta function is well known, as we will soon 
see. 

Remark 14. One can show that the validity of the Main Conjecture is independent 
of S as long as it contains all primes of F which ramify in F^o ■ 

Example: Let F = Q{np)~^. We take to be the maximal abelian p-extension 
of F^^^ unramified outside the unique prime above p. Then F^o is Galois over F. 
If p is an irregular prime then dimension of ^ = Gal{Foo/F) is more than 1. Our 
main theorem applies unconditionally to F^o/F since validity of the hypothesis 
/i = for Foo/F is a theorem of Ferrero- Washington [TO] . 
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Example: Ravi Ramakrishna, in corollary 1 of [2_8j, constructs infinitely many 
surjective representation Gq — )■ SL2{'L-j) each of which is unramified outside a finite 
set of primes. If we take any one of this representation, say p : Gq — )■ 5*272(^7), 

then Q ' ' is either a CM field or a totally real field. Let Fqo be the compositum of 

Q'^^'^, the cyclotomic Zy-extension, and the maximal totally real subfield of Q 
Then Foo/Q is an admissible 7-adic Lie extension. The author learned about this 
example from H. Hida. 



3. Classical Iwasawa main conjecture 

In this subsection we recall the classical main conjecture (formulated for F = Q 
by Iwasawa and for totally real number fields by Coates [5] and Greenberg [13j) 
proven by Mazur- Wiles Plj in the case F = Q (and also by Rubin by a different 
method) and in general by Wiles [H]. 

Let ijj be an Artin representation of Gal{F/F). Let be the ring obtained 
by adjoining values of ip to Zp. Let F^ be the field defined by ip i.e. the fixed 
field of kernel of ip. Assume F^ fl F'^^'^ = F. Recall that we have fixed a finite set 
E of finite primes of F and we assume that it contains all primes which ramify 
in F^F'^y'^/F. Let 7 be a fixed topological generator of F = Gal{F'^y'^ / F) and 
let M G Zp be the image of 7 under the p-adic cyclotomic character. If is one 
dimensional then Deligne-Ribet [8] and Cassou-Nogues [4J and Barsky [1] proved 
that there is a power G^(T) G 0^[[T]] such that for any non-trivial ip and any 
positive integer n divisible by [F^F'^y'^{fip) : F^F'^^'^] 

G4u^-l) = L^{^,l-n), 

and if ip is the trivial character 1 and n is a positive integer divisible by [F'^^'^(/ip) : 
pcyc-^ ^ 

— = Ls 1, 1 - n). 

— 1 

Now let be the maximal abelian p-extension of F^F'^^'^ unramified outside 
prime above S. Let be the Galois group of over F^F'^'^'^. Let h^(T) be 
the characteristic polynomial of 7 acting on the e^(X^ Qp), where is the 
idempotent in Qp[H' x Hp] corresponding to ip- We write G^(T) as n'^'i'G^iT), 
with TT a uniformiser of and G^{T) not divisible by vr. Then Wiles shows that 
h^(T) and G*^{T) generate the same ideal in 0^[[T]] (theorem 1.3 |44j). Wiles 
also shows that if p does not divide the order of Gal{F^/ F), then in fact /x^ = 
(theorem 1.4 |31]. Note that we are using the assumption = 0). 

Now let us assume that ^ = if x F, where if is a finite abelian group. Serre's 
account [37J of the work of Deligne-Ribet shows that there is a pseudomeasure 
C G Q{K{Q)) such that for any nontrivial one dimensional character ip of if, we 
get ip{C) = G^(T) and l(^) = Gt{T)/T. Here for a one dimensional character ip 
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of H, we denote the induced map 

Q{Aig))^Q{Ao,{T))=Q{04[T]]), 

by the same symbol ip. The last isomorphism is the one obtained by mapping 7 
to 1 + T. 

Lemma 15. The p-adic zeta function ( is a unit in A{Q)s- 

Proof: We write H as H' x Hp, where Hp is the p-Sylow subgroup of H and H' 
is a finite group whose order is prime to p. Let H' be the set of all irreducible 
characters if H'. Let be the finite extension of Zp obtained by adjoining all 
values of ip and let tt^ be a uniformiser of O^. We have the following decomposition 

A{g)s^®^^H,Ao^{HpXr)s, 

which maps g — {h',g) e with h' e H' and g E Hp xT, to {fp{h'))g)^^jj,. Let 
1 be the trivial character of Hp. Each of the summands Ao^{Hp x V)s is a local 
ring with maximal ideal 

mv, = {x e Ao^{Hp X r)5 : l(x) e t:^Ao^{T)s}. 

For each e H', the clement {ipx !){(,) e Ao^{T)s does not belong to tt^Ao^, (1)5 
because of our assumption = and the result of Wiles mentioned above. Hence 
C is a unit in A(^)5. □ 

Theorem 16. Under the boundary map Ki{A{g)s) A KQ{A{g) , A{g) s) , 

C^-[C{FJF)]. 
Note that K[{A{g)s) = K^{A{g)s) as SKi{A{g)) = {1}. 

Proof: Put C = C{Foo/F). Let H be the set of all irreducible character of H. 
Consider the following diagram with exact rows 

1 P^igr KG)s — - — - K,{A{g),A{g)s) 1 

es 

1 ^ n Ao, (r) >^ ^ n Ao, (r)^ ^ n k,{Ao, (r) , Ao, {T)s) 1, 

where the product runs through all ip & H. The maps 9 and ^5 are injective. The 
map 9o is 

^^o(p-) = (Ao,(r) n, 

for any complex P of A(^) modules with ^-torsion cohomologies. Let 6q{C{Foo/ F)) 
(C^). The cohomologies of the complex are 

{0 if i 7^ 0, -1 
if i = -1 
Zp if i = and 7/- = 1 
if i = and 7^ 1 
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Hence the classical main conjecture proven by Wiles says that d{ip{Q) = —[C^] 

for all ip ^ H. Since 9o{d{()) = d{9s{()), the result will follow if we show that 
6q is injective. The injectivity of "will follow from snake lemma if we can show 
that the cokernel of 6 injects in cokernel of 6s- Let x G A(^)^ such that 6s{x) = 
(a;^)enAo,(r)\ Then 

Hence x e A(^)[^] n A(^)5 = A(^). Similarly, x'^ G M<3). Hence x G K^GY . 
Hence cokernel of 9 injects in the cokernel of 9s and is injective. □ 
Next we show how our formulation of the main conjecture holds for admissible 
p-adic Lie extension whose Galois group is of the form A x ^, with A a finite 
group whose order is prime to p and Q is abelian. Let be an arbitrary Artin 
representation of Gal{F/F) such that F^nF^ = F. Put A = Gal{F^/F). If 
is one dimensional, then Gal{F^Foo/ F) = A x Q is abelian. We have the Deligne- 
Ribet p-adic zeta function 

C G g(A(A X g)). 

We define the p-adic L-function Lpijp) G Q{K^{Q)) as the image of C under the 
map 

Q(A(Ax^))^Q(Ao,(^)), 

induced by ip. 

Now assume that if) is an irreducible Artin character of degree greater than 1. 
Then A is nonabelian. By Brauer induction theorem there are subgroups Aj of A 
and degree one character ipi of Aj such that 

ip = ''^^ailnd^.ipi, ai G Z. 

Let Li = F^\ We view ^ as a Galois group of LiF^o/Li and get the p-adic L- 
function Lp{ipi) G Ao^XQ)- For the character ip we define the p-adic L function 
LpW by 

i 

It follows from the classical main conjecture and the assumption fi = that if 
p\ |A|, then Lp[ip) G Ko^{Q)^ (This is the p-adic Artin conjecture formulated by 
Greenberg [T3] ) . If p f | A | , then we define C, as 

xe«(A) 

where -R(A) is the set of irreducible characters of A. 

Lemma 17. ( belongs to Ki{A{Q x A)^) and is the p-adic zeta function for the 
extension F^F^/F. Note that K[{A{g x A)s) = Ki{A{g x A)s). 
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Proof: Since the order of A is prime to p, we have the isomorphism 

Since the image of ( under this isomorphism is {Lp{x)), we have the lemma. □ 

Theorem 18. Let Foo/F be an admissible p-adic Lie extension satisfying hypoth- 
esis fi = 0. Assume that Gal{Foo/ F) = Q x A, with Q abelian and A a finite group 
of order prime to p. Then the main conjecture is true for the extension F^q/F. 
Moreover, we have an injection 

Proof: Let = {Ao,{g)s ®A(gxA)s C{F^/F)) for all x e R{A). Then 

d{LM) = -[q] G K,{Ao,{g),Ao,{g)s). 
The theorem follows from the following isomorphism 

KoiA{g X A),Aig X A)s) ^ ®^eR{A)Ko{Ao^{g),Ao^{g)s). 
The injection of Ki{A{g x A)) in Ki{A{g x A)s) follows from the fact that 

K,{A{g X A)) = (B^eR{A)Ao,{gr 

and 

K^{Aig X A)s) = ®^eR{A)Ao,ig)s- 

□ 

4. Various reductions 

In this section we prove several algebraic results and obtain various reductions. 
In this section O is the ring of integers in a finite extension of Qp. 

4.1. Reduction to one dimensional case. In this section we show that the 
validity of the main conjecture for one dimensional p-adic Lie group implies the 
main conjecture for p-adic Lie extensions of arbitrary dimension. This is proven 
by D. Burns [2]. 

Let Qi{g) = {g/U : f/ is an open pro-p subgroup of H and is normal in g}. 
Using a result of Fukaya-Kato [12j we have 

Lemma 19. Let P be a compact p-adic Lie group. Then we have an isomorphism 

K[iAoiP))^\imK[{0[A]), 

A 

where A runs through all finite quotients of P. 
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Proof: For a compact p-adic Lie group P, let Jp be the Jacobson radical of A(P). 
Then Fukaya-Kato (proposition 1.5.1 [T2j) show that 

K,{k{P))^\]mK,{X{P)/rp) 

n 

In the rest of the proof A varies over all finite quotients of P. For a non-negative 
integer n define 

/a,„ := ker{Ko{P) ^ 0[^]/Jl). 
Clearly, Jp C flA-^^A.n- Consider the exact sequence 

Kr{Ko{P)/JpJii,nirp) ^ Kr{Ko{P)/Jp) -> ^i(0[A]/J2) -> 1. 

As all the groups in the above short exact sequence are finite, we have an exact 
sequence 

< — ^ in ^ in ' '-^ in ' < — -i- ^ in ' 

A P P "^P A '^A 

We have a surjection 

1 + IaJ^p ^ K^{^o{P)/Jp^ i^,n/rp) ^ 1- 

Since /A,n/ Jp is finite we get the induced surjection 

lim (l + lA,n/Jp) = 1 + (nA/A,n)/Jp ^ 1™ i^i (Ao(P)/ J^, /A,n/Jp) ^ 1- 
A ^ ^ A 

In particular, we deduce that lim Ki{Ao{P) / Jp, lA,n/ Jp) is finite and 

^a" 

lim (l + (nA/A,n)/Jp) ^ lim lim Ki{AoiP)/ J"^, I A,n/ Jp) 1 

n ^ ^ n A 

is exact. But lim (1 + (nA-?^A,n)/-'^p) = {1} as n„ Ha lA,n = {0}. Hence 

n 

lim lim Ki{Ao{P) / Jp, lA,n/ Jp) = {1} and from the above exact sequence we 

n A 

get 



Hence 



lim Ki{Ao{P)/Jp) ^ lim lim Ki{0[/\]/Jl). 

n n A 



K,{AoiP)) = lim lim K,iO[A]/Jl) 

n A 

= limlimiri(0[A]/JX) 

A n 

= limiri(0[A]) 
a" 
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The interchange of inverse hmits is justified because the groups i^'i(0[A]/ J^) are 
finite for all A and all n. The first and third isomorphism use the result of Fukaya- 
Kato mentioned above. Hence by definition of SKi{Ko{P))i we have 

K[{Ko{P)) = lim i^i(0[A])/lim SK^{0[^]). 

A A 

But since SKi{0[^]) are finite for all A (by a result of Wall, theorem 2.5 in [27]), 
we have 

lim Ki(0[A])/lim SKi{0[^]) ^ lim K[{0[A]). 
a" a" a" 

□ 

Corollary 20. The following natural map is an isomorphism 

K[{A{g)) ^ lim K[{A{G)). 
GeQi(S) 

Proof: 

lim K[{A{G)) ^ lim lim K[{Zp[Ag]) 

GGQ7(e) ^ A^ 

= limK;(Zp[A]) 
a" 

where Ac runs through finite quotients of G and A runs through all finite quotients 
of ^. □ 

Theorem 21. Assume Foo/F is an admissible p-adic Lie extension satisfying 
/i = hypothesis. Then the main conjecture is true for F^o/F if it is true for each 
of the extensions F^/F for all open pro-p subgroups U < H such that U is normal 
in Q and if for each G = Q/U the group K[{A{G)) injects into K[{A{G)s)- 

Proof: Note that for each U the extension F^/F is an admissible p-adic Lie 
extension satisfying /x = hypothesis. We consider the following diagram 

K[iA{g)) K[iAig)s) ^ KoiAig),Aig)s) 



\imK[{A{G)) ^\miK[{A{G)s) ^\im Ko{A{G),A{G)s) 

"g" *G *G 



We assume that the main conjecture is true for each quotient G = g/U in Qi{g). 
Then for each G G Qi{g) we have a unique Cg £ ^ii.^i.G)s) satisfying the main 
conjecture. Uniqueness of Cg implies that (Cg)g ^ lim Ki{.^{G)s)- Let f~^ G 

K[{A{g)s) be a characteristic element of G{F^/F). Let (/g)g e 1™ K[{A{G)s) 

be the image of /. Then d^fc) = ^[C{F^/ F)] by isomorphism ([T]). Put uq = 
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Ccfc' e K[{AiG)s). Then (wG)GeQ.{g) E lim ir((A(G)) as 5(Cg) = -[C{F^/F)]. 

G 

Hence there is u G K[{K{Q)) which maps to (mg)g- We claim that ( = uf 
is the p-adic zeta function we seek. Uniqueness is clear and so is the fact that 
d{() = —[C{Foo/F)]. Now we show that ( satisfies the required interpolation 
property. Let p be an Artin representation of Q, then there is a G G Qi{Q), such 
that p factors through G. Since ( maps to Cg ^ Ki{A{G)s) we have for any 
positive integer r divisible by [Foo{pp) : -Foo] 

Cipf^p) = Ccipt^p) = ^s(p, 1 - r). 
Note that since U is pro-p, we have [Foo{pp) '■ i^oo] = [^^ipp) '■ F^]. □ 

Remark 22. Since we interpolate Artin L-values the above result is not surprising 
though the proof is delicate. It is a typical example of the strategy of Burns and 
Kato (explained in the introduction) and will appear in all our reduction steps. 

4.2. Reduction to Qp-elementary extensions. Now we consider one dimen- 
sional Q. We pick and fix a lift of F in ^ and hence get an isomorphism Q = H y\T . 
Let us fix r^", an open subgroup of F acting trivially on H. Let G = Q /T^" . 

Definition 23. Let I be a prime. A finite group P is called l-hyperelementary if 
P is of the form Gn x Pi, with Gn a cyclic group of order n and Pi a finite l-group 
and I \ n. Let K be a field of characteristic 0. A l-hyperelementary group Gn x -Pi 
is called I -K -elementary if 

Im[Pi ^ Aut{Gn) = [Z/nZy] C Gal{K{pn)/K). 

A hyperelementary group is one which is l-hyperelementary for some prime I. A 
K -elementary group is one which is l-K -elementary for some prime I. 

Definition 24. Let I be a prime. A p-adic Lie group is called l-K -elementary if 
it is of the form P x F for a finite group P and there is a central open subgroup 
F^'^ o/P X F such that (P x F)/Fp'^ is l-K -elementary finite group. A p-adic Lie 
group is K-elementary if it is l-K -elementary for some prime I. 

The induction theory of A. Dress [9j gives the following theorem (see theorem 
11.2 in R. Oliver [27] and also theorem 5.4 CTC Wall [42]). 

Theorem 25. (Dress, Wall) Let P be a finite group. Let K be the field of fractions 
of O. Then we have the following isomorphism 

K[{0[P]) ^\im K[{0[it]), 

TT 

where vr runs through all K-elementary subgroups of P. The inverse limit is with 
respect to norm maps and the maps induced by conjugation. In other words, (x^r) G 
Yl^ K[{0[7i]) lies in lim K((0[7r]) if and only if 

TT 

(i) for all g e P, gx^g'^ = Xg^g-i, and 
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(ii) for n < n' < P the norm homomorphism K[{0[7i']) — )► ir((0[7r]) maps x-^r to 

Lemma 26. For a fixed n > 0, let Gn = Q ^Y^"^" . We have an isomorphism 

K[{Aig))^\imK[{AiUp)), 
p 

where the inverse limit ranges over all Qp-elementary subgroups P of Gn and it is 
with respect to the maps induced by conjugation and the norm maps. Up denotes 
the inverse image of P in Q under the surjection Q — )■ Gn- 

Proof: In this proof P runs though all Qp-elementary subgroups of G„ and all 
inverse limits are with respect to the maps induced by conjugation and the norm 
maps. We have an isomorphism 

K[{Z,,[Gn]) ^\imK[{Z,[P]) 
p 

by theorem [23 We claim that 

K[{Z,[Gn+^]) ^ limir;(Zp[f/p/rP^+"^"]). 
p 

Note that f/p/F^"^"^' is the inverse image of P in the group Gn+i under the surjec- 
tion Gn+i — Gn- Any Qp-elementary subgroup of Gn+i is contained in [/p/F^"^"'''' 
for some P. Hence 

lim ir;(Zp[?7p/Ff'^"^']) ^ lim liin K[{Zp[Gp\) 

Q 

^ K[iZ,[Gn+,]). 

Here Gp runs through all Qp-elementary subgroups of [/p/F^"^"^' and Q runs 
through all Qp-elementary subgroups of Gn+i- Hence we get the claim. Passing to 
the inverse limit we get the result by lemma fT9l □ 

Theorem 27. Assume that the main conjecture is valid for all admissible p-adic 
Lie extensions satisfying fi = hypothesis whose Galois group is Qp-elementary. 
Also assume that for all Qp-elementary p-adic Lie groups U the group K[{A{U)) 
injects in K[{A{U)s)- Then the main conjecture is valid for all one dimensional 
admissible p-adic Lie extensions Foo/F satisfying fi = hypothesis- Moreover, if 
g = Gal{F^/F), then K[{A{g)) injects m K[{A{G)s)- 

Proof: Let Foo/F be an admissible p-adic Lie extension of dimension one sat- 
isfying fi = hypothesis. Let Q = Gal{F^/ F). Then all its admissible p-adic 
Lie subextensions satisfy /i = hypothesis. Assume that the main conjecture is 
valid for all admissible p-adic Lie subextensions of Fao/F whose Galois group is 
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Qp-elementary. As before, for a fixed but arbitrary n > 0, let G„ = Q /T^" 
Consider the following diagram 

K[{K{g)) ^K[{K{g)s) ^K^{K{g),K{g)s) ^ 



_ lim K[{K{Up)) ^ lim K[{K{Up)s) ^ lim K^{K{Up),K{Up)s) 



Here P runs through all Qp-elementary subgroups of Gn and Up denotes the inverse 
image of P in ^. 

Take / G K[{A{g)s) such that d{f) = -[C(Foo/F)]. Let (/p) be the image 
of / in lim K[{A{Up)s). Then dU'p) = -[C{F^/ F^^)]. For each P let Cp be 

the p-adic zeta function satisfying the main conjecture for F^/F^^. We claim 
that uniqueness implies that (Cp) G lim K[{A{Up)s)- We must show that for any 

g E g, we have gC,pg~^ = CgPg-^ ii P < P' < Gn, then norm{(p') = (p. Note 
that 

If p is an Artin Character of UgPg-i, then we denote by Pg the character of ?7p 
given by Pg{h) = p{ghg^^) for any h & Up. Then 

9Cp9~\pi^1 = (pipgi^l 

= L^iPg, 1 - r) 
= Ls(p,l-r) 

= CgPg-^iPf^l 

Hence gCg'^ = (gPg-^- 

We have d{norm{(p')) = —[C{F^/F^p] = d{(p). On the other hand, if p is an 
Artin Character ol Up, then 

norm{C,p'){pi^'') ^ Cp'ilnd^f^ {p)) 

^L^{Indl-;{p),l-r) 
^L^{p,l-r) 

Hence norm{C,pi) — (p and our claim holds. 

Put up = (pfp' e K[{AiUp)s). As d{Cp) = d{fp) = -[C{F^/Fg^)], we 
have Up e K[{A{Up)). Moreover, {up)p e lim K[{A{Up)). Then there is a 

u e K[{A{g)) mapping to {up)p. Let C = uf. It is clear that d{C) = -[C(F^/F)]. 
This is the p-adic zeta function we seek. First note that it is the only element in 
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Ki{g)s) such that (9(C) = -[C{Fo^/F)] and whose image in K[{A{Up)s) is Cp- 
Hence it is independent of the choice of n. 

Let p be an Artin character of Q. It factors through Gn for some n. Then by 
Brauer's induction theorem (theorem 19, [36j) there are Artin representations pp 
of Up such that 

p = ^nplndfj^pp. 
p 

Note that an elementary subgroup (as defined in |36]) is Qp-elementary. Though 
for Brauer's induction theorem we only need elementary subgroups we need to 
work with Qp-elementary subgroups for the isomorphism in the previous lemma. 
Also note than pp may not be one dimensional. Then for any positive integer r 
divisible by [Foq{pp) : Foo], we have 

p 

= ll'^pipp^wr 
p 

= n^E(pp,i-rr 

p 

= Lj,{p,l-r). 

Hence ( satisfies the required interpolation property. Uniqueness of ( and assertion 
about the K[ groups follows by an easy diagram chase. □ 
Hence we have reduced the main conjecture to extensions whose Galois group 
is a Qp-elementary p-adic Lie group. 

4.3. The case of /-Qp-elementary for / ^ p. We now assume that Q is /-Qp- 
elementary for some prime / ^ p. 

Lemma 28. // a p-adic Lie group is I -Qp-elementary for some prime I ^ p, then 
it is isomorphic to F^" x G for some finite I -Qp- elementary group G and some 
integer e > 0. 

Proof: Let Q = H xi T. Let T^"" be a central open subgroup of Q such that ^/r^"^ 
is /-Qp-elementary. Then for any s < r such that F^" is a central subgroup of Q, 
the quotient Q /T^" is /-Qp-elementary. Let e > be the smallest integer such that 
F^*" is an open central subgroup of Q. Let G = Q /T^^ . It is a /-Qp-elementary finite 
group. We claim that Q = F^" x G. Let G = C x P, where C is a cyclic subgroup 
of order prime to / and P is a /-group. Note that CxP = G = /7x F/F^". Since 
order of P is prime to p it is a subgroup of H. Hence P is also a subgroup of Q. 
Let Uc be the inverse image of G in Q. Since F^" is central and G is cyclic, Uc is 
an abelian group. Write Uc = Q x D, where Q is a pro-p pro-cyclic subgroup of 
Uc and P* is a torsion subgroup. Then Q = (Q x D) xi P. The action of P on Q 
has to be trivial since it is trivial on an open subgroup of Q. Hence Q is a central 
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pro-p pro-cyclic subgroup of Q which imphes by minimahty of e that Q = T^" and 
D = C. D 

Hence we may assume that the /-Qp-elementary group Q is of the form T x H, 
with H a /-Qp-elementary finite group. Let H = C xi P, with C a cyclic group of 
order prime to / and P a finite /-group. If p does not divide the order of C, then 
the main conjecture for Foo/F is valid by theorem [T8l 

Write C as Cp X Cp/, where Cp is a cyclic group of p-power order and Cp' is a 
cyclic group of order prime to p. Note that both Cp and Cp> are normal subgroups 
of H. Hence, after replacing C by Cp and P by Cp> x P, we assume that H = CxP, 
with P a finite group of order prime to p and C a cyclic group of p-power order. 
By propositionl2.7 in Oliver P?], SKi{A{g)) = 1. Put C = Ho{P, C),H = CxP 
and ^ = r X Put Pi = Ker{P Aut{C)), Hi = C x P^ and Gi = T x Hi. 
Consider the maps 

9 : Ki{A{g)) ^ KiiA(g)) X Ki{A{gi)), 

Os : Ki{A{G)s) ^ Ki{A{g)s) x Ki{A{gi)s). 

In both cases the map in the first component is the one induced by natural sur- 
jection and the map in the second component is the norm map. 

Definition 29. Let $ (resp. ^s) be the set of all pairs {xo,xi) G Ki(A(g)) x 
Ki{A{Gi)) (resp. Ki{A(g)s) x Ki{A{gi)s)) such that 

1. Under the map 

Ki{A(g)) ^ Ki{A{T xCx Pi)) ^ KiiAiGi)) 

{resp. Ki{A(g)s) ^ Ki{A{r xCx Pi)s) ^ Ki{A{gi)s)), 
we have norm{xQ) = can{xi). 

2. Xi is fixed under the conjugation action by every element of P. 

Proposition 30. The map 9 induces an isomorphism between Ki{A{Q)) and $. 
The image of 9$ is contained in $5. In particular 

Im{9s) n {Ki{A(g)) X KiiAiQi))) = Im{9). 

Note that Ki{A(g)) and Ki{A{gi)) inject zn Ki{A(g)s) and Ki{A{gi)s) respec- 
tively and hence the above intersection makes sense in Ki{A{Q)s) x Ki{A{Qi)s) . 

Proof: We first verify that the image of 9 and 9s is contained in $ and $5 
respectively. We do this only for 9 and the proof of 9s is similar. Let B he a. set 
of right coset representatives of Hi in H. Then i? is a basis of the A(^i)-module 
A(^). Let X G Ki{A{Q)). The image of x in Ki{A{Qi)) under the norm map is 
explicitly described as follows. Let x be a lift of x in A{Q)^ . Multiplication on the 
right by x gives a A(^i)-linear map on A(^). Let A{B,x) be the matrix of this 
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map with respect to the basis B. Then norm of x is the class of this matrix in 
Ki{A{Qi)) . It is independent of the choice of x and the basis B. 

Let g E P. Then gBg^^ is also a A(^i)-basis of A(^). Then gA{B,x)g^^ = 
A{gBg~^, gxg^^). Since gxg~^ is also a lift of a:, the class of A{gBg~^, gxg^^) in 
Ki{A{Qi)) is the same as that of A{B, x). Hence 6{x) satisfies the second condition 
in the definition of $. 

Since we can choose the image of B in A(^) as a basis of the A(r x C x Pi)- 
module A(^), the following diagram commutes. 

KMm — ^-^ — - Mm)) 

can can 

KiiKQ)) ^ i^i(A(r X c X PO) 

Hence 9{x) satisfies the first condition in the definition of $. 

Next we show that 9 surjects on $. Let (xo,a;i) G The natural map from 
Ki[K{Q)) to Ki{K{Q)) is a surjection (since A(^)^ surjects on Ki[K{Q)) and also 
on A(^)^. Moreover, A(^)^ surjects on Ki{K{Q))), hence we may and do assume 
that xq = 1. Then the first condition in the definition of $ implies that 

xi e J := Ker{can : Ki{M<yi)) Ki{MV xCx Pi))). 

By theorem 2.10 (ii) Oliver P?] and proposition 1.5.3 Fukaya-Kato [12j the sub- 
group J is pro-p; hence so is the subgroup which is the subgroup of point-wise 
fixed elements of J under the conjugation action of P. Also xi G J^. Let n be the 
order of P/Pi. Let z G be such that z"" = xi. Denote by z the image of z in 
Ki{A{g)) under the natural map Ki{A{gi)) Ki{A{g)). Let 9{z)^ {zo,zi). By 
construction zi = Xi. Moreover, norm^zo) = Zq = 1 in i^'i(A(r x C x Pi)). But 
zq lies in a pro-p subgroup and hence zq = 1. This proves the surjection of 6' on 
Lastly, we show that 9 is injective. We need a lemma 

Lemma 31. Let C be the set of irreducible characters ofC. Then P acts on them 
by 

(g ■ X)ih) = xighg'^), for all g e P andheC 

Under this action satbiliser of x is Pi ifx^"^- Hence any irreducible representa- 
tion of H is obtained either by inflating an irreducible representation of C x P or 
by inducing an irreducible representation of Hi. 

Proof: Let x ^ C and x 7^ 1- Let g ^ P. If g ■ x = X^ then x{9hg~^) = x{h) for all 
h E C. Hence ghg^^h^^ G ker{x) for all h E C, and in particular for any generator 
c of C. As X 7^ 1) ker{x) is a proper subgroup of C. Hence if gcg~^ = c°, then 
a = l(mod p). On the other hand as order of P is prime to p, a^"^ = l(mod \C\). 
Hence a = l(mod \C\), i.e. g G Pi. The second assertion now follows directly from 
proposition 25 in Serre |36j|- D 
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For a finite group P we denote by Conj{P) the set of conjugacy classes of P. 
Let n be a non-negative integer. We define a map 

/3 : Qp[Conjig/TP'')] ^ Q,[Conj(g/r^")] x QplGi/Tf"], 

wliere tlie map into tlie first component is induced by natural surjection and tlie 
map into tlie second component is defined as follows: Let B be a set of left coset 
representatives of Hi in H and let g G Q/T^" . Then the map is the Qp-linear map 
induced by 

g I— )■ "^^{x'^gx : x~^gx G Qi/T^"}. 

For a finite group P let R{P) denote the ring of virtual characters of P. Then 
id-Q^ ® /3 is dual to the following map 

ix,p) ^ Infix) + Ind{p). 

It follows from the above lemma that this map is surjective. Hence /3 is injective. 
It induces an injection 

P : lim Qp[Conj{g/rP")] ^ lim Qp[Conj{g /F^")] x lim Qpl^^i/r^"]. 

n n n 

We need the log map on i^i-groups defined by Oliver and Taylor. We will discuss 
it in more detail in the next section. Now we just refer to Chapter 2 of Oliver [27 \ . 
For a finite group G there is a group homomorphism 

log:Ki{Zp[G])^Qp[C(mj{G)]. 

Theorem 2.9 in Oliver [27] says that the kernel of this homomorphism is the torsion 
subgroup. However, by a theorem of Wall (see loc. cit. theorem 7.4) the torsion 
subgroup of Ki{Zp[G]) is x G"^ x SKi{Zp[G]). But SKi{Zp[g /Tp"]) = 1 by 
12.7 in Oliver [27j. Consider the exact sequences 



1 ^ /ip-i X {g/TPy -4 Ki{Zp[g/TP"]) ^ Qp[Conj{g/TP")]. 
They induce an exact sequence 

1 ^ X g'^' ^ KiiA{g)) % lim QplConjig/TP")] 

n 

We also have a commutative diagram (see proof of theorem 6.8 in Oliver [27]' 
KiiAig)) ^ lil? Qp[Conj{g/TP")] 



Ki{A{g)) X Ki{A{g,)) ^ li^i Qp[Conjig/Tn] X li^ Q,[^i/r^"] 
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We are now ready to show injectivity of 9. Let x G Ker{6). Because /3 is 
injective, x e Ker{log). Hence x G /ip_i x Q"-^ . But under the natural surjection 

(which is the first component of the map 9) fip^i x maps identically on /ip_i x Q"'^ 
(note that G"'' = Q"^). Hence x = 1. □ 

Remark 32. The above proposition is a prototype of the main results in section\^ 
( theorems l5E and lS^) . The congruence condition in those theorems do not appear 
here because norm is taken in subgroups whose index in Q is prime to p. 

Theorem 33. Let F^o/F be an admissible extension satisfying the hypothesis fi = 

and let Q = Gal{Foo/F). Assume that Q is I -'Q^p- elementary for some prime 

1 7^ p. Then the main conjecture for F^/F is valid. Moreover, Ki{A{Q)) injects 
m K,{K{g)s). 

Proof: We use the above notation. Let / G Ki{h.{Q)s) be any element such 
that d{f) = -[C{F^/F)]. Let 9s{f) = (/o,/i)_G ^s- Let L = Fg\ Let F^^ 
be the subfield of Fqo such that Gal{Fg/F) = Q. Then the main conjecture is 
true for subextensions of F^o/L and the extension F'^/F by theorem [T8l Let 
and Co be the corresponding p-adic zeta functions satisfying the main conjecture. 
By the interpolation property and uniqueness we verify that (Co, Ci) ^ ^s- Let 
Ui = Ci/r^ (fo^ ^ = 0,1). Then (mq, ui) G $. Let u G Ki(A{Q)) be the unique 
element such that 9{u) = (mo,ui). Then ( = uf is the p-adic zeta function we 
seek. It is clear that d{Q = —[C{Foo/F)]. We have to show that ( satisfies the 
required interpolation property. Let p be an irreducible Artin representation of Q. 
Then by lemma [31] p is either obtained by inflating a representation po of G or by 
inducing a representation pi of Qi. Hence for any positive integer r divisible by 
[Foo(/Xp) : Foo], we have, for z = or 1 

Cipf^p) = Ci{pK) = L^ipi, 1 - r) = L^{p, 1 - r), 

where kq = Kp and Ki = kl. 

The injection of Ki{A{Q)) in Ki{A{Q)s) is clear from the following diagram 



^ $ ^ $s 

The injectivity of the bottom arrow comes from theorem f|T8l) . □ 

4.4. Reduction to p-elementary extensions. In this case we assume that G = 
Q /T^' is p-Qp-elementary. Say G = C„ x Hp, where Hp is a p-group and Cn is 
a cyclic group of order n prime to p. The Galois group Ga/(Qp(/i„)/Qp) acts on 
the set of one dimensional characters Cr, of C„. We let C be the orbit set of 
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Cn under this action. By abuse of notation we also use C for a set containing 
exactly one representative from each orbit. Let = Qp(x(c)|c e Cn) be a finite 
field extension of Qp. Let be the ring of integers of L^. Then the ring Zp[C„] 
decomposes as 

The action of Hp on C„ induces an action on ®x&cO^. But Im{Hp — )■ Aut{Cn)) C 
Gal{Qp{fin) /Qp) as G is Qp-elementary. As Gal{Qp{fin) /Qp) fixes each O^, the 
group ifp acts on each and we get a homomorphism (for details see proposition 
11.6 in Oliver [27]) 

Hp ^ Ga/(L^/Qp). 

Recall that denotes the inverse image of Hp in Q. For this section we simply 
denote it by U. Then ^ = C„ x f/. Let denote the composition 

t^-.U ^ Hp-> Gal{Lx/Qp). 

Let denote ker{ty?j. 
Remark 34. We have the map 

K[{m) ^ K'm^'^)[Gr) 

K[{A{T^')[Cn][HpY 
®x^cK[{Ko^{T^')[HpY) 

Here r in the second and third line is denoting the usual twisting map and the 
action of Hp on Cn and respectively. The superscript r in the fourth line 
denotes the action of U on O^. It is easy to see that the image of K[{A{Q)) lands 
in Q)x^cK[{Ao^{Ux))^^^^ ■ The argument is exactly the same as in the proof of 
M2) in lemma\8^ and will not he repeated here. Similarly, we have a map 

K[{A{g)s) ^ ®xecK[{Ao^{A{Ux))sf^^^. 
Proposition 35. We have an isomorphism 

K'Am)^®xecK[{Ao^{Ux)r^^. 



Proof: For every n > 0, let G„ = Q /T^ . Let f/^_„, be the kernel of the map 

U/T'P^^^ ^Hp^ Gal{LjQp). 
Then by proposition 11.6 and theorem 12.3 (4) in Oliver [27], we have 

K[{Zp[Gn]) ^ ®x^cK[iOx[Ux,n]f^''-'". 
By passing to the inverse limit gives the required result by lemma [13 □ 
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Define L := F{fip) fl F^o- Then L is a totally real number field and [L : F] 
divides p - I. Hence L n Fg^ = F and Gal{Fg-L/F) = Gal{L/F) x U. Then 
D := Gal{Foo/ Fg^L) C C„ is a cyclic group. For every x ^ Cn we define := 
fcer(x) n D. Then Gal{Fg'' / fSt"'^'') = x f/^ (the only statement to be 

explained here is the triviality of action of on Cn/C^. For a subgroup J of C^, 
the action of is trivial on C„/ J if and only if for any g E and any h E Gn 
the element hgh~^g~^ G J. Since acts trivially on Gn/D and C„/A;er(x), it 
acts trivially on Gn/G^). We then have 

[Foo(/ip):Foo] = [F^'^(/ip):F^-]. 

Theorem 36. Lei F^o/F be an addmissihle p-adic Lie extension satisfying /i = 
hypothesis. Assume that Q = Gal{Fao/ F) is p-Q^p- elementary group. With the 

notation as above, assume that the main conjecture is true for Foo^/Foo"^ ^ for 
each X ^ Cn and that K[{Ao^{U^y) injects in K[{Ao^{U^)s) . Then the main 
conjecture is true for F^o/F and K[{A{Q)) injects in K[{A{Q)s) . 

Proof: Assume that the main conjecture is valid for each of the extensions 
Fg^ / Fg^^^^ . Let Cx ^ K[{A{Gn/G^ x Uy)s) be the p-adic zeta function in the 
main conjecture. Let Lpix) be the image of Cx under the natural map 

K[{A{GJG^ X U^)s) ^ K[{Ao,{U^)s), 

induced by the natural surjection Zp[C„/C;^] — )■ O^. Consider the following com- 
mutative diagram 

K[{A{g)) -K[{A{g)s) — ^K,{A{g),A{g)s) 



©x^UAo,(f/x))^/^^ — ©x^((Ao,(t/x)5)^/^^ — ©x^o(Ao,(f/x), Ao,(t/x)5) 

By uniqueness of the p-adic zeta function satisfying the main conjecture for the 
extension F^VF^"''^^ we get that Cx e K[{A{GnlG^ x U^)sf^^. Hence Lp{x) e 
K[{Ao,(U^)sf"'-. Let / G K[{A{g)s) be such that = -[G{F^/F)]. Let 
the image of / under the middle vertical arrow be {fx)- Let = Lp{x)fx^- Then 
{ux)x £ ®x^ii^o^{Ux))'^^^^ ■ Hence there is a unique u G Ki{A{g)) mapping to 
{ux)x under the first vertical arrow. We claim that ( = uf is the p-adic zeta func- 
tion we seek. It is clear that d{Q = —[G{Foo/F)]. We now show the interpolation 
property. Let p be an irreducible Artin representation of g. Then by proposition 
25 in Serre there is a x and an Artin representation of f/^ such that 

Hence for any positive integer r divisible by [Foo (/ip) : -Foo], we get 
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where k is the p-adic cyclotomic character of Foo" ^ . 

Uniqueness of the p-a-dic zeta function and the statement about K[ groups fol- 
lows from an easy diagram chase in the above diagram. □ 

Hence we reduce the proof of the main conjecture to the case when ^ = A x Qp, 
where A is a finite cyclic group of order prime to p and is a pro-p p-adic Lie 
group of dimension 1. 

5. The main algebraic results 

We obtain a description of Ki groups of Iwasawa algebras of one dimensional 
compact pro-p p-adic Lie groups and its localisation. This result will predict 
certain congruences between abelian p-adic zeta functions which we prove in the 
next section. 

5.1. Notations. The purpose of this subsection is to introduce the notations to 
be used throughout this section. Let ^ be a one dimensional pro-p p-adic Lie 
group with a closed normal subgroup H such that Q /H = V \s isomorphic to the 
additive group of p-adic integers. We fix a lift of V in Q. This gives an isomorphism 
Q = H )aT which we take as an identification. We write F multiplicatively. Let T^" 
be a fixed open subgroup of V acting trivially on H. Put Z = V^" and G — QjZ. 
Let O be the ring of integers in a finite unramified extension of Qp or a finite 
direct sum of such rings. An important example for us is O = Zp[A], where A 
is a finite cyclic group of order prime to p. The group G'a/(Qp/Qp) acts on A, 
the group of characters of A. Then Qp(cr • — Qp(x)) for all o G GaKjQ^p/^p) 
and aU x G A. Let C = Ho{Gal{Qp/Qp), A) be the set of orbits of the action of 
Gal{Qp/Qp) on A. Then there is an isomorphism Zp[A] = ©^gj^O^, where is 
the ring of integers in Qp{x), given by x ^ {x{x))^ec- Under this isomorphism the 
Frobenius automorphism of (BxecO^^ corresponds to the Zp-linear automorphism 
of Zp[A] given hj d ^ 6p for all S e A. 

The Iwasawa algebra of Q with coefficients in O is defined as 

AoiQ) ^lim 0[g/U], 
u 

where the inverse limit is over all open normal subgroups U oi Q. Clearly if 
O = Oi e O2, then AoiG) = Ao^G) © ^oA^)- 

5.1.L Twisted group rings. Recall the definition of twisted group rings. Let R be 
a ring and P be any group. Let 

be a two cocyclc. Then the twisted group ring, denoted by R[PY, is a free R- 
module generated by P. We denote the image of /i G P in R[PY by h. Hence, 
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every element of R[PY is a finite sum 'YliheP^hh and the addition is component 
wise. The multiphcation has the following twist: 

~h.hJ =T{h, h')W. 

5.1.2. The Iwasawa algebra as a twisted group ring. Fix a topological generator 7 
of r. Then 7^" is a topological generator of Z. The Iwasawa algebra Ao{Q) is a 
twisted group ring 

Ao{g) = Ao{Z)[GY, 
where r is the twisting map given by 

r(/^l7"^ M"^) = 7^"^^"' e Ao(^)^ 

Here [x] denotes the greatest integer less than or equal to x. The twisting map r 
does not depend on the choice of 7. Note that for any g, g' G G, 

'T'ig^g') = '^{q'iQ) T is symmetric, 

T{g,g-^) = l = T{gA). 

5.1.3. Definition of the Ore set S. Recall the Ore set S", due to Coates et. al. [6], 
mentioned in the introduction: 

S{g,H) = {f e Ao{Q)\Ao{Q)/Ao{g)f is a finitely generated 0-module} 

We will usually denote S{Q, H) by 5 as ^ and H should be clear from context. It 
is proven in loc. ait. that S" is a multiplicatively closed left and right Ore set and 
does not contain any zero divisors. Hence we may localise to get the ring Ao{Q)s 
which contains Ao(^). 

5.1.4. Some useful lemmas. 

Lemma 37. The subset of S defined by T = Ao{Z) ~pAo{Z) is a multiplicatively 
closed left and right Ore subset of Ao{Q) (note thatp is a uniformiser in each direct 
summand of O). The inclusion of rings Ao{Q)t Ao{Q)s is an isomorphism. 

Proof: It is enough to prove the result when O is the ring of integers in a finite 
unramified extension of Qp. Since the group Z is central in ^, it is clear that T 
is a left and right Ore set. Since Ao{Z) is a domain, the set T does not contain 
any zero divisors. Hence, the map Ao{Q)t Ao{Q)s, induced by the inclusion 
T — > 5, is an inclusion. We now prove that it is surjective. 

Note that Ao{G)t = Ao(^)t ®Ao{^) ^o{G)- We first show that 

Q{Aom = Q{Ao{Z)) ®Ko{z) Ao{g), 

where Q{R) denotes the total ring of fractions of a ring R. Note that we have an 
injective map 

Q{Ao{Z)) ®A^(^) Ao{g) ^ Q{Ao{g)). 
As Q{Ao{Z)) is a field and Ao{Q) is a free Ao(2')-module of finite rank, the 
ring Q{Ao{Z)) ®Ao(^) Ao{Q) is an Artinian ring. Hence every regular element 
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is invertible. The ring Ao(^) is contained in Q{Ko{Z)) ®Kq(z) ^oiG) and every 
regular element of h.o{Q) is invertible in Q{Ko{Z)) ®Ao(z) ^o{Q)i hence the in- 
jection Q{Ko{Z)) <8)Ao(z) ^o{Q) ^ Q{^o{G)) must be surjective. Any element 
X G ^o{Q)s C Q{Ko{G)) can be written as |, with a G Ao(^) and t a non-zero 
element of Ao(Z). If t G p"Ao(Z), then tx = a E p"'Ao{G)s- On the other hand, 
a also lies in Ao{Q), hence a G p"Ao(^). Then we can divide the largest possible 
power of p from t and the same power of p from a, and x can be presented as |, 
with a G Ao(^) and teT. □ 

Remark 38. H^e remark that Ao{G)t — ^o{Z)t[GY , for the same twisting map r 

as above. We also study the p-adic completion Ao{G)t — Ao(-Z^)t[G]'^ of Ao{G)t- 
Note that Ao{Z)t = Ao(Z)(p). 

Notations 39. In the rest of this section R denotes either Ao{Z) or Ao(^)(p). 

For any subgroup P of G, we denote the inverse image of P in Q by Up. Let NqP 
be the normaliser of P in G. We put WqP = NqP/P , the Weyl group. We denote 
the set of all cyclic subgroups of G by C{G). 

Notations 40. Let P < P' < G. Then we denote by verp the transfer homo- 
morphism from U^, — >■ Uf!'. The homomorphism verp induces maps on various 
Iwasawa algebras by acting through Frobenious on the coefficients. We denote this 

induced map again by verp . 

Let P be a cyclic subgroup of G. We denote the transfer map from Up to Upv 
simply by ip. If P is a cyclic subgroup of G and P' is any subgroup of G containing 
P^, then we denote by (p the composition 

Up A Upp Up'. 

(f induces maps on various Iwasawa algebras by acting through Frobenius on the 
coeffiecients. We denote this induced maps again by </?. 

Definition 41. Let Ii and I2 be ideals in R[GY . Then we define [Iijh] to be the 
additive subgroup of R[GY generated by elements of the form ab — ba, where a G /i 
and b G l2- 

Remark 42. R[Conj{G)Y is just a R-module and multiplication is not defined. 

However, taking powers of elements in Conj{G) is well defined and while doing so 
we must remember the twisting map r. Hence we put it in the notation. 

Lemma 43. We have the isomorphism of R-modules 

R[GY/[R[GY,R[GY] R[C(mj{G)Y. 

Notations 44. Throughout this paper we usually denote the class of g in Conj{G) 
by [g] ■ 

Proof: Consider the i?-module homomorphism 

R[GY 4 R[Conj{G)Y, 
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This map is surjective and since r is symmetric, the kernel of contains 
[R[GY,R[GY]. We must show that it is equal to [R[GY,R[GY]. Let J^^gV e 
ker{(f)). Let Gg denote the centrahser of g in G. Then for each g e G, we get 

X&G/Cg 

Consider 

XI ^xflx-ia;^^;-! - 2^ r^5x-i^ = XI ^xgx-^xgx-^ - g) 

^^r^gx-^{r{xg,x~^)~^xgx-'^ - t{x~^ ,xg)~^x-^xg) 
= ^r^g^-iT{xg,x~'^)'''^{xgx-'^ - x-'^xg), 

which clearly belongs to [-R[G]'^, -R[G]'^]. All the sums are over x e G/Gg. □ 

Lemma 45. For any subgroup P < G, we have 

AoiUp)^Ao{Z)[PY, 

and 

A'^)s = Mz)UPY, 

for the same twisting map t as above. 

Lemma 46. If P < G is a cyclic subgroup, then Up is abelian (though Up is not 

necessarily a direct product of Z and P). 

Definition 47. For any P G G{G) with P ^ {1}, we choose and fix a non-trivial 
character cup of P of order p. We put cui := a;{i} to be a non-trivial character 
of Z whose restriction to Z^ is trivial. Then uip induces a map on Ao[^p]{Up)^ , 

on Ao[^p]{Up)g, and on Aok](^p)s given by mapping g e Up to ujp{g)g. We 
denote this map by oup again. We define a map ap, for P ^ {1}, from Ao{Up)^ 

to itself or from Ao{Up)g to itself or from Ao{Up)s to itself by 

ap{x) 



If P < G is not cyclic or if P — {1}, we put ap{x) — x^. We put a — {ap)p<G- 

Definition 48. For two subgroup P < P' < G such that [P', P'] < P, we have 
maps 

trp : Ao{Up,) Ao{Up/[Up', Upi]) the trace map, 
nrp : Ao{Uf,Y ^ Ao{Up/\Up>, C/p/])^ the norm map, 

and 

TTp : Ao{U^) — >■ Ao{Up/[Up/,Up']) the natural surjection. 
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Similarly, we have trace, norm and the natural surjection maps in the localised 
case and the case of p-adic completions. We again denote them by tvp , nrp and 
TTp respectively. We also note that if P and P' are cyclic then TTp is identity. 

Definition 49. Let P < P' < G be such that P is a normal subgroup of P'. Then 
define Tp pi (resp. Tp pi g andTppi) to be the image of the map 

Ao{Up) ^ Ao{Up) 

(resp. Ao{Up)s ^ Ao{Up)s and A'^AUp)s Ao(^)sA 
given by x ^ Y.geP'/p 9^9'^ & a lift of g). We denote Tp^NgP (resp. Tp^NgP,s 
and Tp^pi) simply by Tp (resp. Tp^s and Tp). 

Lemma 50. Let P < P' < G be two subgroups such that [P' : P] = p. Let uj 

be a nontrivial character of P'/P. Consider u as a character of W^, using the 

surjection Uf, P'/P. Let R be either Ao{Z), Ao{Z)t or A^{Z)t- Then the 
norm and trace map 

tr^ : R[P"'^Y ^ R[P/[P\P']]\ 
nr^P : (i?[P'«^]^)^ ^ {R[P/[P' ,P']YY 

are given by 

trp{x) = y^a;^(a:) 

k=0 

p-1 

nrp{x) = Y\u''{x). 

k=0 

Here cu'' is the map from 0[np] ®o R[P'°''^Y itself given by mapping g G Lf^, to 
^^{9)9- 

Proof: Let P'/P = {1, ^, . . . , gv-^}. Then i?[P'"^]^ is a free R[P/[P', P']]^-module 

with basis {l,g,..., gP'^}. Let x ^ ao + a^g -\ h ap-igP'^ e R[P'"-^Y with each 

Oi E R[P/[P', P']Y- The matrix (with respect to the basis {l.g, . . . , gP~^}) of the 
R[P/[P', P']]'^-hnear map on R[P'"'^Y defined by multiphcation by x is 

/ flo 0,1 • • • Op-i \ 

g^ap^i ao ■■■ ap_2 

V gPai gPa2 ■■■ oq / 

For each < k < p — 1, {l,uj^{g)g, ■ ■ ■ ,uj^{g^^^)g^^^) is an eigenvector of the 
above matrix with eigenvalue u^{x). Hence the lemma. □ 

5.2. Statements of the main algebraic theorems. 
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5.2.1. The maps O'^ and 9g. Recall that for every subgroup P of G, we denote by 
Up the inverse image of P in ^. Then there is a map 6q p given by the composition 

eS,p : K[{Ao{g)) ^ K[{Ao{Up)) ^ K[{Ao{Uf)) = Ao{Ufr, 

where the second map is induced by natural surjection. Wc remark that if P G 
C{G), then Up is abehan and 6q p is just the norm map. Let 6q be the map 

0$ = {0$,P)P<G : K[{Ao{g)) ^ n MU^Y- 

P<G 

Similarly, we have maps Oq ^ and 9q 

OS,s--K[{MS)s)^Yl^o{Ufrs- 

P<G 

6$ : K[(A^s) ^ n ^^5^)5'- 

P<G 

We denote 9q, Oq^ and 9q by O*^, 9g and 9'^ respectively if O is clear from the 
context. Our main theorem shows that 9'-^ is injective, describes its image and 
shows that image of 9g intersected with YIpkg -^oiUp)^ is exactly the image of 

5.2.2. Definition of the subgroups <l>*^, <l>f and The group Q acts on the set 
np<G ^'p conjugation. Since Z is central in Q, we get an induced action of G 
on the set np<G ^p'- following definition. 

Definition 51. Let^% (resp. g and ^o,s) subgroup ofYlp^^AoiUfY 

(resp. Y\.p<G ^o{U'p)^ andY\p<G ^o{U'ji')s ) consisting of tuples {xp) satisfying 
Ml. For any P <P' <G such 'that [P', P'\ < P, we have 

nrp {xpi) — TTp (xp). 

M2. (xp) is fixed under conjugation action by every g &G. 
MS. For every P < P' < G such that [P' : P]^p, we have 

verp {xp') = xp{mod Tpp/){resp. Tpp/ g and Tppi). 
M4. For every P e C{G) and P 7^ {1} we have the following congruence 

ap{xp) =Y\_^{c(p'{xp')){TnodpTp) {resp. pTp^s and pTp), 
p' 

where the product runs through all P' e C{G) such that P'^ — P and P' ^ P. For 
P = {1} we have the congruence 

x^i^ = JJv^(Q;p/(xp/))(moc?pT{i}) {resp. pT^^^s andpT{i}), 

p' 
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where the product runs through all P' G C{G) such that P' ^ {1} and P'^ = {1}. 

We denote $q (resp. $§5 '^'^^ ^'o s) (resp. $g and ^g) if O is clear from 

the context. 

5.2.3. The theorems. 

Theorem 52. The map 9'^ induces an isomorphism 

K[{Ao{g)) ^ K^. 



Theorem 53. The image of 6g is contained in Hence 

^s^Yl MUpV =Im{e^). 



P<G 



Remark 54. Compare definition [5l] and theorems {SM and [53 with definition 
and proposition CM 5*66 also remark ISE after proof of proposition ISUi 

Note that if O = Oi © ■ ■ ■ © O^, then under the isomorphism 



P<G P<G 



(resp. 



and 



n ^oiufYs = ©r=i n ^oAu^'Vs 



P<G P<G 



n A^)^' = ©r=i n 



p'')s ), 



P<G P<G 

^$ (resp. $g_5 and ^g^^) maps to ©Li^g, (resp. ©Li^g^s and ©ti^g,,^)- 
Hence for the proofs of theorems [32] and [H2] (i.e in rest of section we may and 
do assume that O is a ring of integers in a finite unramified extension of Qp. 

5.3. An additive theorem. 

5.3.1. The Statement. For every subgroup P of G, the Weyl group WgP = NqP/ P 
acts i?-hnearly on i?[P"'']'^ by conjugation on P. For any P < G, define a map 

t$ : R[Cong{G)Y ^ i?[P"Y 
as foUows: let C{G, P) denote any set of left coset representatives of P in G. Then 

t${9)= E {{x-'mmx-'gxeP}. 

x&CiG,P) 

This is a well-defined i?-linear map, independent of the choice of C{G, P). For any 
P e C{G), define 

f]P : R[PY ^ R[PV, 
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by i?-linearly extending the map 
r)p{h) = 

In other words rjp{x) — x — ^ Sfe=o'^p(^)- 
Definition 55. Define : R[Conj{G)Y R[P''^Y by 



h if /i is a generator of P 
if not. 



/3i 



tp if P < G is not cyclic 



and by 



P<G 



G 



Sometimes we denote (^^^(^z) 3"^^^ 

Definition 56. Let P e C{G) he a cyclic subgroup of G. We define Tpp to he the 
image of the map 

tr : R[PY ^ R[PY x^ 

geWaP 

It is an ideal in the ring {R[PY)^'^^ . Hence Tp^^^/z) — Tp and T -rp- = Tp. 

\i P < P' < G are such that [P' : P] = p then P is normal in P' and the 
commutator subgroup [P', P'] is contained in P. In addition, if P is a nontrivial 
cychc group then [P', P'] is a proper subgroup of P. In this case the map rjp 
descends to a map on P[P/[P', P']]"^, which we again denote by r^p, such that the 
following diagram commutes 

R[PY — ^ R[PY 



r^p' 

R[P/[P',P']]^R[P/[P',P']] 
We use this map in the following definition. 

Definition 57. Let -0^ C np<G P[P"'''Y subgroup consisting of all tuples 

(ap) such that 

Al. Let P < P' < G such that [P', P'] < P and if P is a non-trivial cyclic group 
then [P',P'] 7^ P. If P is not cyclic, then tr-p {api) = np {ap). If P cyclic and P' 
is not cyclic then rjp{trp (op')) = '^p (op). If P' is cyclic, then trp (ap/) = 0. 
A2. {ap)p^c(G) i-'^ invariant under conjugation action by every g & G. 
A3. For all P G C{G), ap e Tp,p. 
Sometimes we denote '?/'ao(z) ^'^^^ '^^ ■ 
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Theorem 58. The homomorphism induces an isomorphism between R[Conj{G)Y 
and 

Remark 59. The injectivity of follows directly from Artin's induction theorem 
(theorem 17 in Serre [36] j which says that a linear representation of a finite group is 
a Q-linear combination of representations induced from cyclic subgroups (note that 
R[Cong{G)Y is torsion free). Therefore in fact Artin's induction theorem gives 
injectivity of (3^ composed with the projection YIpkg^I^'^^V ~^ Y[pec(G) ^i^V ■ 
We prove this injectivity directly. The sufficiency of using cyclic subgroups of G 
is reflected in our proof in the definition of 6 below. Hence on the additive side 
it is enough to work with cyclic subgroups of G but on the multiplicative side (i.e. 
on Ki) cyclic subgroups of G are not enough because Ki has non-trivial torsion 
subgroup. 

5.3.2. The Proof. 

Lemma 60. The image of is contained in ip'^. 

Proof: It is enough to show that € ipR: ^^i any g E G, i.e. it satisfies Al, 

A2 and A3. 

Al. Let P < P' <G. First note that [P', P'] < P implies that P is normal in P'. 
We first show that the following diagram commutes. 



R[Conj{G)Y 



R[{P')''^Y 



^ R[P/[P', P']Y 




Hence for any g G G, we have 



tr^p{t%{[g])) = [P' 



P] {[""-'ax] : X ^gx e P} 



x€C(G,P') 



^pi4im- 
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This shows Al when P noncychc. Now if P is cychc and P' is not, then the above 
proof shows that the following diagram commutes 

R[Conj{G)Y R[{P'Y^Y 

|< 

R[Pr ^R[P/[P',P']] 

i.e. tr^{P%{[g\)) = T^p{tp{[g\))- Applying -qp to both side gives 

Vpitr'-; {P%{[9]))) = VP{^^P {t${[g]))) 
Mtr^P {^%{[9m ^ ^^P {^${[9])) 

Lastly, if P < P' are both cyclic then it is clear that trp{\h]) = unless h & P, 
in which case trp{YA) = [P' • P]\h]- Since the coefficient of any element 9' e P' 
in P$i{\g]) is if 9' does not generate P', it is clear that tTp {Ppi{\g])) — 0. 

A2. For any 9,91 G G, we must show that glP${M)9i^ for any 

PeC(G'). 



x&C{G,P) 

= Yl {[(9ix-^9T^)(9i99T^)(9iX9T^)]-x-^9x e P} 

xeC{G,p) 

= Yl {[xi\9i99i^)xi] ■■ Xi^9i99];^xi e 9iP9T^} 

xieC{G,giPg^'^) 

-tipg^^ii9i99i']) 



Note that on several occasions above we have used 91991 — 9i99i ■ A2 now 
follows easily. 

A3. We must show that t${[g]) G Tp^R for any P G C{G), since r)p{Tp^R) C Tp^R 
for any nontrivial cyclic subgroup P. 

m9])-4''^{t%M[m- 
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Hence, it is enough to show that tp°^{[g]) G Tpji for any g e NqP. But tp^^ 
is non-zero if and only if g E P, and when g E P, we have 

xeciNGP,P) 

This finishes proof of the lemma. □ 
Definition 61. We define a left inverse 5 of /Sp by 

S : n ^[^"t ^ R[Conj{G)Y[-], 

P<G P 

by putting 5 = ^p^Q Sp and defining 6p to be if P is not cyclic and for P e C{G) 
by 

Sp : RiP^'Y ^ R[Conj{G)Y[^], 
X e i?[P«r ^ e R[ConjiG)Y[^]. 

Lemma 62. S o (3p^ is identity on R[Conj{G)Y . In particular, is injective. 

Proof: For any g E G, we show that S{f3p^{['g])) = [g]. Let P be the cyclic 
subgroup of G generated by g. Let C be the set of all conjugates of P in G. Then 



P'ec 

P'ec ■ 

' ' P'ec 



□ 

Lemma 63. The restriction of 5 to the subgroup ipp^ is injective and its image lies 
in R[Conj{G)Y- 

Proof: Let (ap) G ip'j^ he such that 6{{ap)) = 0. We claim that dp{ap) = for 
each P e C{G). This follows from two simple observations: firstly, by Al 6p{ap) 
and 5 pi {a pi) cannot cancel each other unless P and P' are conjugates; but when 
P and P' are conjugates, 5p{ap) — Spi{api) by A2. Hence 5p{ap) — for every 
P e G{G). 
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Let P e C{G) and ap = Y.g&p'^'g9- Then 5p{ap) = j^^J^gep'^Ad]- Let 
Hq{NoP, P) be the orbit set for the conjugation action of NqP on P. Then 

5p{ap)^ Yrg\g]. 

x&Ho{NgP,p) sex 

li g,g' ex e Ho{NgP, P), then Vg = r^/ by A2. Call it r^. Hence, 

5p{ap)^ r^Y[g]^0. 

xgHo{NgP,p) gex 

Hence = for all x e Hq{NgP,P). Hence we get that ap — for every 
P e C{G). 

Next we show that ap = for every P < G. We do this by using induction 
on order of P. Assume that P' is a subgroup of G of smallest order such that 
ap/ 7^ 0. Then P' cannot be cyclic. Let ap/ = 'Yl,h&{P'Ybahh. Let /iq G i^P'Y^ be 

such that a/j„ ^ 0. Let be any lift of to P' . Let P be a maximal subgroup of 
P' containing h^. Then [P' : P]= p. Wc have to consider two cases: 
Casel: when P is cyclic. We claim that is a generator of P. Since P is cyclic 
and P'/P = Cp, the cyclic group of order p, the group P' is isomorphic to P xi Cp. 
If ho is not a generator of P then Iiq e P*'. Take P" = P?' x Cp. If P^ = {!}, 
then /lo = 1 and P' — P x Cp. Hence tr^^^^api) = p'^ah^ ^ and by Al applied to 
{1} < P' < G we get , a contradiction to the fact that a{i} = 0. If P^ {1} then 
we apply Al to P" <P' <G. 

trp„{apt)—p ^ tthh. 

heP"/[P',P'] 

Since the coefficient a/;,, 7^ we get that trp'„(api) = iip„{apii) ^ 0. Hence ap// ^ 0, 
a contradiction because P' is the smallest order group such that ap/ 7^ 0. Hence 
generates P. Since P' is not cychc Yiq^X. Hence [P', P'] < P. Hence 

r]p{trp' {ap>)) = p(^ Y ahhj 0. 

h generates P/[P',P'] 

But by Al this must be same as 7rp'(ap) = 0, a contradiction. 

Case 2. When P is not cyclic, by Al trp (ap/) = 0. But the coefficient of ho in 

trp (ap/) is ptthQ 7^ which is a contradiction. 

Hence ap = for all P < G and we get injection of S. 

Next we show that the image of 6 restricted to ipp lies in R[Cong{G)Y . A3 says 
that ap e Tpji for every P G C{G). Let ap = tr(hp) for some hp e R[PY . Then 

(5p(ap) = 5p{ xftpx"^) 
= [NqP : P]5p(6p). 
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On the other hand 

J2 SxPx-^ia^Px-^) = [G:NGP]Spiap), by A2 

x£C(G,NgP) 

= [G : P]6p{bp) e R[Conj{G)Y. 

□ 

Proof of theorem I58t S\^g is injective and S o is identity on R[Conj{G)Y . 
We claim that (3^ o S is identity on ip'^. Let (ap) G Vr; then S{P^{S{{ap)))) = 
6{{ap)). Since the image of is contained in and 6 is injective on ip'^, we get 
/3^(5((«p))) = (ap). 

□ 

Consider the map 

Proposition 64. The map idq^ (g) is injective. Its image consists of all tuples 
(ap) satisfying 

Al. Let P < P' < G such that [P', P'] < P and if P is a non-trivial cyclic 

group then [P', P'] 7^ P. If P is not cyclic, then tvp (ap/) = TTp{ap). If P 

is not cyclic, then tvp {ap>) = Tip (ap). If P cyclic and P' is not cyclic then 

r]p{trp (ctp')) = TTp (ap). If P' is cyclic, then tvp (ap/) = 0. 

A2. {ap)p(zc{G) is invariant under conjugation action by every g & G. 

Hence, if {idQ^ (g) Pp){a) = (ap) G YIp<g'^p ® P[P"T such that ap G Tp^p for 

all P G G{G), then a G R[Gonj{G)Y and ap G P[P'^Y for all P <G. 

Proof: The statement about injectivity and image follows directly from theorem 
[581 Note that if ap satisfies A2 then it lies in Qp ® Tp^p. 

Now let (ic?Qp ®/3p)(a) = (ap) be such that ap G Tp_p for every P G C{G). The 
map 5 shows that a is determined by ap's for cyclic P. Because ap G Tp^R for 
all P G C(G'), the inverse image a lies in R[Gonj{G)Y and ap G R[P'^^Y 
P < G. □ 

5.4. Logarithm for Iwasawa algebras. Logarithms on Ki groups of p-adic or- 
ders were constructed by R. Oliver and M. Taylor. In this subsection we follow R. 
Oliver [27] to define logarithm homomorphism on i^'i-groups of Iwasawa algebras, 
a straightforward generalisation of the construction of R. Oliver and M. Taylor. In 

this subsection let R denote the ring Ao(2')(p). Let Jp be the Jacobson radical of 
R[GY ■ Since Q is pro-p, the ring R[GY is a local ring and hence Jp is its maximal 
ideal. We have the series 

Lo^7(l + x) = ^(-1)^+1^, 

i=l 
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and 

oo j 

Exp{x) = ^—- 

i=0 

Lemma 65. The ideal Jr/pR[GY is a nilpotent ideal of R[GY / pR[GY . 
Proof: Let k = 0/{p). We have the following exact sequence 

^ Jr/pR[gy ^ Qik[[g]]) ^ Qik[[T]]) ^ 0. 

Let N be the kernel of the map k[[Q]] ^[[r]], and let In be the kernel of the 
map k[H] — )■ k. Then N = k[[Q]]lH- Since H is a finite p-group, we have 

AT" = k[[gn = 0, 

for some positive integer n. By lemma 1371 we can write any element x G <5(fc[[^]]) 
as X = f , with a G k[[g]] and t G k[[Z]]. Also, x G Jr/pR[GY if and only if a G iV. 
As t is central, we deduce that Jr/pR[GY is nilpotent. 

□ 

Lemma 66. Let I G Jr be any ideal of R[GY ■ Then 

1) For any x E I, the series Log{l + x) converges to an element in R[GY[^- 
Moreover, for any m, f G 1 + / 

(2) Log{uv) = Log{u) + Log{v){mod [R[GY[^], 

2) If I G C,R[GY , for some central element C, such that G p^R[GY , then for all 
u,v G 1 + I , Logiu) and Log{v) converge to an element in I and 

(3) Log{uv) = Log{u) + Log{v){mod [R[GY, /])• 

In addition, if P G pUr, then the series Exp{x) converges to an element inl + 1 
for all X G /; the maps defined by Exp and Log are inverse bisections between I 
and l + I. Moreover, Exp{[R[GY ^I]) G E{R[GY il) and for any x,y G /, we have 

(4) Exp{x + y) = Exp{x) ■ Exp{y){mod E{R[GY, I))- 

Proof: This is an analogue of lemma 2.7 in R. Oliver [22j. We reproduce the 
proof here indicating the modifications needed in our situation. 

Step 1. The ring R[GY is Ji?-adically complete (this follows from the previous 
lemma), for any x G I G Jr, the terms converges to in J and x"'/n converges 
to in J[i]. Hence the series Log{l + x) converges in J[i] C -R[G']'^[i]. 

If J C C,R[GY, for some central ^ such that C,^ G pC,R[GY, then P G pi. Hence 
/" C nl for every positive integer n. So x^/n G /. Hence the series Log{l + x) 
converges to an element in I G R[GY- 

Furthermore, if P G pUr, note that for any positive integer n such that p^ < 
n < p'^^^ 

(3 p(["/p]+[n/p^]+-+Kp'°])/jfc = nUJ^. 
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Recall that [y] denotes the greatest integer less than or equal to y and that 
j7,!p-(h/p]H ^{n/v ]) ig a p-adic unit. Hence Exp{x) converges to an element in 
1 + /. The fact that Log and Exp are inverse bijections between 1 + J and / is 
formal. 



Step 2. For any / C Jr, set 

U{I)= J2 ^[/^/1c[i?[G]^[-], /[!]], 
^-^ m + n p p 

m>0,n>l ^ ^ 

a -R-submodule of If / C ^R[GY, where ^ is a central element such that 

G p^R[GY, then G and 

Cm+n 

U{I) = {[r,^-^s] : m > 0,n > e I'^^Cs e r,^r,^s G /) C [R[G]\I]. 

So the congruences and (E]) will both follow once we have shown that for every 
I C Jr and every x,y & I 

Log{{l + x)(l + y)) = Log{l + x) + Log{l + y)(mod U{I)). 

For each n > 1, we let Wn be the set of formal ordered monomials of length n 
in two variables a, b. For w G Wn, set 

G{w) = orbit of w in Wn under cyclic permutations. 
k{w) = number of occurrences of ab in w. 

r{w) = coefficients of w in Log{l + a + b + ab) = E£?(-l)""'"^;iZi C'^r^)- 
If w' G G{w), then it is clear that w{x,y) = w'{x,y){mod [P,P]) for some 
i,j>l such that i + j = n. So 

oo 

Log{l + X + y + xy) = r{w)w{x, y) 

n=l w€W„ 
oo 

= X] 5Z ( 5Z r{w')^w{x,y){modU{I)). 

n=l weWn/C w'&C{w) 

Let k = max{k{w') : w' G C{w)}. Let |C(w)| = n/t. Then C(w) contains /c/t 
elements with exactly {k — 1) aVs and {n — k)/t elements with k a6's. Hence 



w'£C{w) 4=0 



ii:Mr-';r^(("-K:)-(-<:)) 



IWASAWA THEORY FOR TOTALLY REAL FIELDS 45 

which is unless /c = 0, in which case it is equal to (— 1)"^^^. Thus 

OO ^ 

Log(l + x + y + xy) = y^i-lY'^^ (— + —) = Log(l + x) + Log(l + y) imodUil)). 

^-^ \ n n / 

n=l 

Step 3. We now prove the congruence (jlj). Exp and Log induce bijection between 
/ and 1 + /. Hence 

Log{Exp{x)Exp{y)) = x + y {mod U{I)), 

which gives 

Exp{x)Exp{y)Exp{x + y)^^ E Exp{x + y + U{I))Exp{—x — y) 

C Exp{U{I)) C Exp{[R[G]\I]). 

Hence we only need to prove that Exp{[R[GY , I]) is contained in E{R[GY , I). 
Choose and fix a set of R generators {[si, fi ],..., [s^, I'm]} of [i?[G]'^,J], with 
Si G R[GY and Vi E I and choose an expression x = J^^i^A^iy'^i] element 
xe[R[GY,I]- Define 

m 

i=l 

Note that ipi^x) depends on the choice of the above expression for x. 
For any r G R[GY and any a; G /, an identity of Vaserstein gives 

Exp{rx)Exp{xr)~^ = + ^(2^ ^ — \ ) ) ( 1 + (2^ ^ — \ Y) 

n=l n=l 

G E{R[GYJ). 

Hence Im{ip) C E{R[GY ^ I)- For any k>l and any x,y E p^I , 

Exp{x)Exp{y) = Exp{x + y)(mod f/(//) C p'^^U{I) C p'^''[R[GY, /])• 

Also, for any k,l > 1 and any x G p'^I, y G p'/, 

Exp{x)Exp{y) = Exp{y)Exp{x){mod [p^I.p^I] d p^'^\R[GY , I]) ■ 

So for any I > k > 1, and any x G p^[R[GY , I] and y G p\R[GY , I], choose an 
expressions = Ya=i (^i[si,Vi\ andy = Ya=i bi[suVi] andx+y = Xl™ i(ai+6i)[si, fi], 
then 

^/'(x) = Exp(x)(mod p^^[R[GY,I]) 

(5) + = i^{x)i){y) = ^{x)Exp{y) {mod /+'[i?[G']^, /]). 

For arbitrary u G /]), define a sequence Xq, Xi,X2, ■ ■ ■ in [i?[G']'^, /] by 

setting 

xq = Log{u) G p[R[GY, /]; x^+i = Xj + Log{il){xi)~'^u), 
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We need to choose a representation xq = J2f=i (^jl^j^ ^j] at each stage we need 
to choose a representation Log{ip{xi)~^u) = Xljli f j]. This inductively gives 
a natural representation for all Xj's. By (E]), applied inductively for all i > 0, 

V'(xi) = u, Xi+i = Xi (mod /]). 

Then Xi converges and we get a natural representation for limj_!.oo Xi in terms 
as a linear combination of the fixed set of generators. If we use this to define 
ipilimt^ooXi), we get u = ipiJi^i-^ooXi). This shows that 

Exp{p[R[GY , I]) C /m(^) C E{R[GYJ). 

Now define subgroups Dk, for all A; > 0, by setting 

Dk = {rx-xr:xel,re R[GY , rx, xr G IJ^) C [R[GY , I] H JJ^. 

By the hypothesis on J, for all A; > 0, 

m,n>l 

C Dk+i. 

This shows that Exp{Dk) C i?a;p([i?[(j>']'^, /]) are both normal subgroups of {R[GY)^ 
Also, for any x,y E IJ'^, 

(6) Exp{x)Exp{y) = Exp{x + y)(mod Exp{U {IJ^) C Exp{Dk+i))- 

For any A; > and any a; G -D^, if we write x = "^{viXi — XiVi), where G 
R[GY,Xi G / and TiXi^XiVi G JJ^, then by above 

Exp{x) = Y\_iExp{riXi)Exp{xiri)''^){raod Exp{Dk+i)) 

= l(mod E{R[GYJ)). 

In other words, Exp{Dk) C E{R[GY ■, I)Exp{Dk+i) for all /c > 0. But for a large 
enough fc, C p[-R[G]^,/]. Hence we get 

Exp{R[GYJ]) C Exp{Do) C C J). 

□ 

Proposition 67. For any zfiea/ 1 G Jr of R[GY , the p-adic logarithm Log{\ +x), 
for any x E I , induces a unique homomorphism 

logj : Ki{R[GY,I) ^ /]) Qp- 

If, furthermore, I C ^R[GY for some central ^ such that G p^R[GY , then the 
logarithm induces a homomorphism 

logj:K,{R[GY,I)^I/[R[GY,I], 
and log I is an isomorphism if P C pUr- 
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Proof: This is an analogue of theorem 2.8 of R. Ohver [27]. By the previous 
lemma 

(7) L : 1 + / ^ /[-] ^ I[-]/\R[GY, /[-]], 

p p p 

is a homomorphism. For each > 1, let 

(8) Tr„:M„(/[i])/[M„(i?[G]-[^]),M„(/[i])]^/[i]/[i?[G^ 

be the homomorphism induced by the trace map. Then ([7]), applied to the ideal 
Mn{I) C Mn{R[GY) , induces a homomorphism 

L„ : 1 + M„(/) = GL^{R[GY, I) ^ M„(J[^])/[M„(i?[G]-[^]), M„(J[1])] 

I^I[^]/[R[GY,I[-]]. 
p p 

For any n, and any -u G 1 + Mn{I) and r G GL„(i?[G]'^). 

Ln{[r,u]) = Ln{rur'^) - = Trn{rLog{u)r~^) - Trn{Log{u)) = 0. 

So Loo = UL„ factors through a homomorphism 

: Ki{R[GY,I) = GL{R[GY , I)/[GL{R[GY),GL{R[GY , I)] 

If / C ^R[GY, for some central element ^, such that G p^i^fG]"^, then the 
same argument by the second part of the above lemma gives a homomorphism 

logi:K,{R[GY,I)^I/[R[GY,I]. 

If in addition, P C pIJ^, then Lo^ is bijective and Log-\[R[GY, I]) C E{R[GY, /]), 
by the last part of lemma above. Hence logi is an isomorphism. 

□ 

Now consider the case of Ao{Q)- Let F be the field of fractions of O. For 
a profinite group P let -F[[-P]] denote lim F[P/U], where U runs through open 

normal subgroups of P. Let Gn = Q/Z^"^. Then for each n > we have, by R. 
Oliver ([27] chapter 2), a unique homomorphism 

log : K,{0[Gn]) ^ F[Gong{Gn)]. 
Since logarithm kills torsion we have a homomorphism 

log : K[{0[Gn]) ^ F[Cong{Gn)]. 
Taking the inverse limit over n's gives 

log : K[{Ao{g)) ^ lim F[Cong{Gn)] = 
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Remark 68. In the case when R = Ao(2')(p) is it is not clear if we can extend 
the homomorphism logj^ to Ki{R[GY) is any canonical fashion. However, for our 
purposes logj^ suffices. 

5.5. Integral logarithm. Again we follow R. Oliver [27] to construct the integreal 
logarithm homomorphism from Ki of Iwasawa algebras. This is a straightforward 
generalisation of the integral logarithm on Ki of p-adic group rings of finite groups 
contructed by R. Oliver and M. Taylor. 

As before R denotes either Ao{Z) or Ao(2')(p). 

Definition 69. Let (p be the map on R induced by the Frobenius map on O and the 

p-power map on Z. We extend this to a map, still denoted by ip, to R[Conj{G)Y 
by mapping \g\ to \g^] (remember that ^ is not the same as g^). 

5.5.1. Integral logarithm homomorphism for A(^). For every n > 0, let G„ = 
Q/Z^" . The integral logarithm map defined by R. Oliver and M. Taylor is 

L:K[{0[Gn])^0[Conj{G„)], 

defined as L = log — j;log, where ip : 0[Conj{Gn)] 0[Gonj{Gn)] is the map 
induced by Frobenius on O and the p-power map on G„. The kernel of L is 
K[{0[Gn])tor which is equal to /i(0) x G^ by a theorem of G. Higman [K] and 
C.T.C. Wall [42J. Here /i(0) denotes the torsion subgroup of . In fact, we have 
an exact sequence (R. Oliver [27], theorem 6.6) 

(9) 1 ^ fi{0) X G^^ -> K[{0[Gn]) 4 0[Gong{Gn)] ^ 1. 

Here the map u is defined by 

g€Conj{G„) g 

Definition 70. We define the integral logarithm map L on K[{Ao{Q)) by taking 
the inverse limit of the sequence ^ over all n 's and get an exact sequence 

1 ^ /i(0) X g'^' ^ K[iAom 4 AoiZ)[GongiG)Y ^ 6^"' ^ 1- 

5.5.2. Integral logarithm homomorphism for A{Q) s . Let J denote the kernel of the 
natural surjection 

Since Ao{Q)s is local, the following maps are surjective 

A^s" ^ K[{A^s). 

and 

l + J^K,{A^s,J)- 
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We have an exact sequence 

1 ^ 1 + J ^ A^s"" ^ A'^STw'' ^ 1> 

which spHts using the distinguished embedding F ^ Q. Hence any element x e 

^o{G)s can be written uniquely ets x — uy, for u & 1 + J and y e Ao(r)(p) . As 
a result we get the following 

Lemma 71. Every x e K[{Ao{G)s) can be written as a product x — uy, where 
y e ii'((Ao(r)(p)) and u lies in the image of Ki{Ao{Q)s, J) in K[{Ao{Q)s)- 

□ 



Lemma 72. For any y e Ki{Ao{T)(p)), we have 

l{mod pAo(r)(p)) 



yP 



Hence the logarithm of is defined. 

Proof: The ring Ao(r)(p)/pAo(r)(p) is isomorphic to the domain 0/(]9)[[r]] (Recall 
that (p) is the maximal ideal of O since we have assumed that O is unramified 
extension of Zp). Let 0/{p) = F^. Wc also note that Fj[r]] = FJ[X]]. On this 
ring the (/? map is the one induced by X i— )■ (1 + Xy — 1 = and by p-power 
Frobenius on F^. Let y e ¥g[[X]]. Write y = E~o««^'- Then 

i i 

Hence the lemma. □ 

Definition 73. We define the integral logarithm L on K[{Ao{Q)s) cls follows: 
write any x G K[{Ao{Q) s) as x = uy, with y e K[{Ao{T)(p)) and u lies in the 
image of Ki{Ao{g)s,J) in K[{Ao{g)s)- Define 

ip 1 yP 

L{x) = L{uy) = L{u) + L{y) = log{u) - -log{u) + 

Proposition 74. L induces a homomorphism 

L : K[{A^s) ^ A'^^p)[Conj{G)Y 
and L is independent of the choice of splitting of Q F. 

Proof: First we show that image of L lies in Ao{Z)(^p)[Conj{G)Y . Let x € 
K[[Ao{Q)s)- Write it as a; = uy, with y G iir((Ao(r)(p)) and u in the im- 
age of Ki{Ao{g)s,J) in K[{Ao{g)s)- We will show that L{u) and L{y) lie in 
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Ao{Z)(^p-)[Conj{G)Y . The fact that L{y) = ^log{^^) hes in Ao(2')(p) follows from 
proposition 1671 Now let m = 1 — f and consider L(l — v) 



oo ^ 

y- 



- ^(t;^)) (mod Ko{Z)(^)\Cong{G)X) 

k=\ ^ 

It suffices that pk\{v^'' — ^{v^)) for all k\ which will follow from 

for all n > 1. Write v = Yligec'^^ad^ where G Ao(2')(p). Set g = p" and consider 
a typical term in v'^: 

Let Z/gZ acts cyclically permuting the gi^s, so that we get a total of conjugate 
terms, where is the number of cyclic permutations leaving each term invariant. 
Then gi ■ ■ ■ cjg is a p*-th power, and the sum of the conjugate terms has the form 

pn~y'gp' eAZiZ)^,)[ConjiG)Y, 

where f = Tg. and g = [[j=i gj- Here we may do the multiplication after 

rearrangement because the twisting map r is symmetric. If t = 0, then this is a 
multiple of p". If t > 0, then there is a corresponding term p'^^^f^ g^ in the 
expansion of v^" . It remains only to show that 

^n-tp^^p* = p"-V(rP*"'^^'"') =p''-'v{e'~')gP\mod p"). 

But p*|(f^* — (f{f^^ ^)), since p\{f^ — f{r)). 

Next we show that L is independent of the choice of splitting Q ^ T. Since Q 
is one dimensional, there are only finitely many splittings T ^ Q. Let A be the 
intersection of image of F under all the splittings. Then A is an open subgroup of Q. 

It is clear that for any x G Im{Ki{Ao{A)s) — )■ K[{Ao{G)s)), L{x) is independent 
of the choice of splitting T ^ Q. 

Let X G Im{Ki{Ko{Q)si Jr) K[{Ko{Q)s))- Recall that Jr is the Jacobson 
radical of Ko{Q)s- Let x = uiyi = ^2^/2 be two different decompositions of x given 
by two different splittings of ^ — t- F. Then log{yi) is defined as it is defined for 
X and Ui (for i = 1,2) and log{ui) + logiyi) = log{u2) + log{y2)- Hence L{x) is 
independent of the choice of splitting T ^ Q. 

Hence L is well defined on Im{Ki{A^s, JR))Im{Ki{A^s)) C K[{A^s)- 
Now note that K[{AoiQ)s)/I'm{Ki{Ao{G)s, JR))Im{Ki{Ao{A)s)) is torsion group 

since Ko{Q)s /(I + Jr)^o{.^)s is a torsion group. Hence L is independent of 
the choice of splitting of ^ — t- F. □ 
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Remark 75. It would be interesting to find the kernel and cokernel of L in this 
case. Since we do not need it we will not investigate it here (but see Ritter-Weiss 



5.6. Relation between the maps 6 and /3. For any subgroup P of G, the map 
tp naturahy extends to a map 



t'f : F[[Z]][CongGY ^ F[[Z]][Cong{P)Y. 
Lemma 76. For any P < G, we have the following diagram 



K[{Aom 



log 



K[{Ao{Up)) 



log 



F[[Z]][ConjiG)r 



F[[Z]][Gonj{P)r 



In the case of p-adic completions the following diagram commutes 

log 



AoiZ)^,)[GonjiG)nl^ 



K,{Ao{Up)s,J) 



log 



AoiZ)aConjiP)] 



Till 



Proof: The first assertion is theorem 6.8 in R. Ohver [27J which we refer for 

details. The second case is similar : for any u G Ki{Ao{g)s, J), the result follows 
from the expressions 



log{u) = lim — (m^ - 1); 



and 



u 



lim(l + t^(uP"-l))^/P". 



□ 



Lemma 77. We have the following commutative diagram for all P G C{G) and 



AoiUp 
AoiUp 



PVP 

F[[Up]] 



log 
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And in the case of p-adic completion the following diagram commutes 

log 



K,{Ao{Up)s,J) 



ap 



PVP 



Proof: Note that the following diagram commutes 



AoK](t/p) 



log 



Ulp 



log 



and 



VP 



P 7^ — n 



fc=0 



Hence we get the first claim of the lemma. The second one is similar. □ 

Definition 78. We define the map : Ilc<G F[[Z]][C''''] F[[Z]][P«^] as fol- 
lows: 

If P is not cyclic 

where sum ranges over all P' e C{G), such that P'^ < P. 
If P is cyclic 

vpii^c)) = ■■ P"MxP')^pJ2^{xp,), 

p, pi 

where the sum ranges over all P' e C{G) such that P' ^ P'^ — P. The empty sum 
is taken to be 0. 

Put — {vp)p. We denote the analogous map in the case of p-adic completions 
again by v'^. 

Lemma 79. For P 7^ {!}, the following diagram commutes 



F[[Z]][Conj{G)Y 

Y{c<Gnmc"'] 



Fm[Conj{G)\' 

^ F[[Z]][P<^'] 
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In the case P = {1}, the following diagram commutes 
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F[[Z]][Conj{G)r F[[Z]][Conj{G)r 

/3° 



30 



nc<G^[[^]][C"1 > F[[Z]] 

Here ip in the lower row is just the map ip : F[[Z]]. Analogous result 

holds for the p-adic completions. 

Proof: We assume that P 7^ {1} and P is cyclic. For g & G, we must show that 
PpMg])) = VpiP^iig]))- We start with the left hand side 

which is non-zero if and only if some conjugate of g^ generates P. Hence we may 
assume that g^ itself is a generator of P. Then 



P' s.t. P'v=p 
P' s.t. piv=p 

P' s.t. P'P=P x&C{G,P') 

= ( E [P'-P"] E {[^^]KVeP'}) 

P' s.t. P'P=P xGC{G,P') 

= E ( E {[^'^]K'9xeP'}) 

P' s.t. P'p=P xeC{G,P) 

= E E {[x-^9''x]\x-^gxeP'} 

xeC(G,P) P' s.t. P'p=P 

= E {[aFVa^]|a;"^/a; e P} 
xeC{G,p) 

Next we assume that P is not cyclic. Then Pp{^{\g])) is non-zero if and only if 
some conjugate of g^ lies in P. Hence we assume that g^ & P and g ^ 1- Let C 
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be the set of all conjugates of the subgroup {g'^) in P. 



,.t. p' 

E 

i.t. 

E 



P' S.t. P'P<P 



P' s.t. P'P€C 



[P': 


P'P] 


[P: 


P'P] 


[P': 


P'P] 


[P: 


P'P] 


1 





[P : P'P] 



{[x-'^gPx] : X ^gx e P'}j 



xeC{G,p) 



It remains to show the equality when g = 1. In this case 

[G:P] 



Now consider the remaining case P — {!}. We assume that g is of order p which 
is the only possibly nontrivial case. Let C be the set of all conjugates in G of the 
subgroup (g). 



p'ec 

P'eC xeC{G,P') 
= E {[P' : P'^]\NgP'\) 



P'<=C 

^p\G\ 



The last equality holds because clearly = 0. 



□ 



Definition 80. We define the map u% : X\c<G^o{lJ^Y ^ ^o{UfY as follows: 
If P is not a cyclic subgroup ofG, then define 
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where the product ranges over all P' e C{G) such that P'^ < P. 
If P is cyclic then define 

Up{{xc)) = Ylvi.xp>), 
P' 

where the product is taken over all P' e C{G) such that P' ^ P'^ — P. The empty 

product is taken to he 1. 

Put u'^ = {up)p. We denote the analogous map in the case of p-adic completions 
again by u'^ . 

Lemma 81. For a noncyclic subgroup P of G the following diagram commutes 

log 



Y{c<G^om'y 



Y{c<GF[mc^'] 



\P\v° 



log 



ab] 



For P e C{G) the following diagram commutes 

Uc<GMu^''r ^Uc<Gnz]][c'' 



p P 



log 



F[[Z\][P 



Similarly for the p-adic completions we have: Let R = Ao{Z)f^,^y Let Jp denote 

the kernel of the natural map R[P°'''] — )■ Ao{T)^y Then for a noncyclic subgroup 
P of G the following diagram commutes 



Ilc<G ^ + Jg 



1 + Jf 



log 



n 



G<G^P 



Jc 



log 



\P\v\ 
I Jp 



For P & G {G) the following diagram commutes 

Y[c<G 



1 + Jg^U 



C<G 



Jc 



1„G 



l+Jf 



log 



Jf 



Proof: This is because log is natural with respect to the homomorphisms of 
Iwasawa algebras induced by group homomorphisms. □ 
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Lemma 82. Let R denote either the ring Ao{Z) or the ring Ao(^)(p). Let x G 
K[{R[GY) . Then for every noncyclic subgroup P ofG, we have 

«p(^^(x))^'l^l = uf{aie^{x))){mod p) 
In particular, log of "G(l'^gG(^^)))' «s defined. 

Proof: If C is a nontrivial cyclic subgroup of G, then ac{0^{x)) = l(mod p) and 

u${a{e^{x))) ^ ^(a|i}(0fij(a;)))(modp). 
The result will follow if we show that 

^^(a;)l^l = ^fi}(a;)(mod p) 
But this is proposition 2.3 in [31]. □ 
Remark 83. Let x G K[{R[GY) . Then for any nontrivial cyclic subgroup P of G 

ap{e${x)) 



u${a{eG{x))) 

and 

"{i}(^fi}(a;)) 



= l{mod p). 



^{el^{x))ul^{a{eo(x))) 



= l{mod p). 



Proposition 84. Let x G K[{Ao{Q)) ■ The additive and the multiplicative sides 
are related by the following formula: if P is a noncyclic subgroup of G then 



p^\Pr^^u'fia{9G{x)))' 



IfPe C{G) but P ^ {1} then 

Me${x)) 



(3$iLix)) = -log(- 



p \u${a{6^ {x))) J ' 
IfP = {1}, then 

Analogous relation holds in the case of p-adic completions. 
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Proof: Let x G K[{Ao{Q))- Let P be a noncyclic subgroup of G. Recall the 
definition of a, definition HTl Consider the left hand side of the above equation 

= f3'f{log{x) - ^log{x)) 
P 

= -log(ap(e$(x))) - (5^(^logix)) (lemmas [73 and EZD 
p p 

= -log(ap(e'f(x))) - -v'f((3^(log(x))) (lemma [79]) 
p p 

1 1 
= -log(ap(e$(x))) - —v$(log(a(e^(x)))) (lemmas [76] and [771) 
p p^ 

= -log(ap(e$(x)) - -^-log(u9.(a(e^(x)))) (lemma [SB 
p p'^\P\ 



1 , fapi9'fix)f\ 



\log 



p^\P\ ''\u${a{e^{x)))J' 
The proof for P G C{G) but P ^ {1} is similar 

^{1} = ■'-{1} 



Now assume that P = {1}. In this case p9^^ = t9^^ and 



f^fiyiH^)) = t{i}ilog{x)) - h^.yiifilogix))) 

= log{9f^y{x)) - ^{<^ + vf^y){f3^{log{x))) (lemmas [76] and [79]) 
= logief.yix)) - ^^{logief.yix))) - ^vf,^{log{a{e^{xm 

4^^^(^(^f,,(x)K!i(^-(x)))) 



-log( 
V V 



«{i}(^{i}(a;)) 



p '\v{9f,^ix))u<(,^{a{eoix))) 

Now we prove the proposition for x G K[{Ao{G)s)- Write x = uy, where 

y G i^((Ao(r)(p)) and u lies in the image of Ki{Ao{G)s, J) in -^1(^0(^)5)- The 
proof for u is exactly as above. In fact the proof works for any u in the image 

of Ki{Ao{Q)s, Jr) (recall that Jr is the Jacobson radical of Ao{Q)s)- Hence we 
only need to show the result for y. We first show it for y G Ao(2')(p). In this case 
Op{y) = y^'^'-^^ for every P < G. Also, for any nontrivial cyclic subgroup P oi G 

ap{e${y)) = 1. 

Since L{y) G Ao(Z)(p), for any noncyclic subgroup P of G or if P = {!}, we have 

P^{L{y)) = [G : P]L{y). 
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For any nontrivial cyclic subgroup P of G 

With these observations the result is easily verified. Now for any y e Ao(r)(p), 
there is a non-negative integer r such that </?''(y) G Ao(^)(p). We know that the 
result holds for (as it is congruent to 1 mod p and hence is in the image of 

Ki{ko{Q)s, Jr)) and it holds for (p^{y). Hence it holds for y^"^ . Since /3p takes 
values in torsion free abelian group, the proposition holds for y. □ 

5.7. Proof of the main algebraic theorems. 

Lemma 85. The image of 9'^ is contained in Similarly, image of 9g is 

contained in $5 . 

Proof: Here we write a proof for the first claim of the lemma only. The proof for 
the second claim is exactly the same. We must show that for any x e Ki{Ao{Q)), 
the element e^{x) satisfies Ml, M2, M3 and M4. 

Ml is clear if the following diagram commutes 




To see that this diagram commutes we note that the Ao(?7p)-basis of Ao{Up') can 
be taken to be the same as the Ao{Up/[Upi, L'"p/])-basis of Ao{U^,). 

M2. Pick a lift 5 of x in Ao{Q)^ ■ Recall how the map Bp is defined for any 
P < G. The ring Ao{Q) is a free Ao(t/p)-module of rank [G : P]. We take the 
Ao(^7p)-linear map on Ao{Q) defined by multiplication by x on the right. Let 
Ap{x) be the matrix (with entires in Ao{Up)) of this map with respect to some 
basis C{G, P). For any g & G, the set gC{G, P)g~^ is a basis for the Ao{UyPg-i)- 
module Ao{Q)- The matrix for the Ao(f/c,pg-i)-linear map on Ao{G) induced by 
multiplication on the right by x with respect to this basis is gAp[x)g~^ . Hence 

ge${x)g-' = e%.,{x). 
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M3. Let P < P' < G he such that [P' : P] = p. Let rip be the norm map from 
K[{Ao{Upi)) to K[{Ao{Up)). Consider the following diagram 



p' 



K[{Ko{Up,))^K[{Ko{Up)) 



TTp 



It is enough to show that for any x e K[{Ko{Upi)) 

verp {Trp/{x)) = 'Kp{np (x))(mod Tp^pi). 

Let g G Up' — Up. Then {\, g, g'^ , ■ ■ ■ ,g^'^} forms a basis the Ao(f/p)-module 
Ao{Upi). Write x G Ko{Upi) as a; = Yl'k^o^kQ^ with. Xk G A.o{Up) for all k. Let 
(7 denote the automorphism of h.oiUp) given hy y ^ gyg~^- Then norm of x in 
ir{(Ao(C/p)) is class of the matrix 



Xo 

gPa{xp_i] 



Xi 

a{xo) 



\ gPaP-\xi) g''a''-\x2) ■■■ a^'^xo) J 



Tip{np (x)) is determinant of this matrix. Hence if Sp denotes the group of sym- 
metries of the set {0, 1, 2, ... ,p — 1} and for any S G Sp, let es be the number of 
/c's such that 5{k) < k, then 

p-i 

seSp k=o 

If '^illk=l'^''i^pi^s(k)-k))) = Ilk=o(^''i'^pi^s{k)-k)), then S{k) - k is constant for 
all < /c < p — 1. Hence 

p—i p—i 

i=0 k=0 
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Now for each < i < p — 1 write Xi = J^heP^f^^^ with each ah G Ao{Z). Then 



ver 



p'{Trp'{xi)) = T!'p(J2heP'^(^h) Ill=l<7''{h)). On the other hand 



p—i p~i 

k=0 k=0 
p-1 



nvrp(a'=(5^a,/^)) 

k=0 h&P 

k=o heP 



heP k=o 

p-i 



{J2v{ah)llcT\h)){modTp,p, 

heP k=o 

verp {-Kp^Xi)). 



Hence we have 



p-i 

ver'p{'Kp>{x)) = '^ver^'{7rp>{xi))g'P 

i=0 

p—i p— 1 

= E n '^HMx^Wn^0d Tp^p.) 
j=0 fe=0 

= 'Kp{np{x)). 

M4. Let P be a nontrivial cychc subgroup of G. By proposition [HI] we have 

P${L{x)) = hog{ 



V ^\u${aieGix)))J' 

By lemma [60] we get that pPp{L{x)) G pTp. But log induces an isomorphism 
between 1 +pTp and pTp. Hence M4 is satisfied for nontrivial cyclic subgroups of 
G. The verification of M4 for P = {1} is similar. 

□ 
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Lemma 86. There is a map iiiO) x Q"-^ — )■ ]\p<G^oiU'p 
fits in the following commutative diagram 



ab\ X 



which is injective and 



/i(0) X g 



abc 



6° 



/i(0) X g 



abc 



Y{p<G^o{Ul 



Proof: We define the claimed map as the composition 



/i(0) X g 



dl) idxver^ 



> 12(0) xUp^ Ao{Up 



ab \ X 



Injectivity is obvious. Since the norm homomorphism on Ki groups is same as the 
transfer when restricted to we also get the commutativity of the diagram in 
the lemma. 

□ 

Lemma 87. Recall that we denote V'ao(z) from the additive theorem by tfj^ . Then 
there is a surjective map 

which makes the following diagram commute 



AoiZ)[ConjiG)Y 



G 



-•ab 



lab 



where the map u in the top row is the one from definition^ 
Proof: This is a trivial corollary of theorem 



□ 



Lemma 88. The map C := (Cp) : $ — ip , defined by 




1 Inn "pC^p^'^' 
apjxp) 

Q{1}(^{1}) 



P " V'^(^{i})^}("((^c'))) 
sits in the following exact sequence 



if P is not cyclic 

if P is cyclic and P 7^ {1} 

^fP = {^ 



1 ^ /i(0) X g^' ^ $^ 4 ^ g"' 1. 

The map /i(0) x g"-^ (^'^ d Y[p<G^o{UpY composition 



ab^ X 



P<G 



P<G 
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where the first map is identity on fi{0) and the transfer homomorphism from Q"-^ 
to Uf for each P <G. 

Proof: Image of £ is contained in np<G'Qp ® ^{Up^). We must verify that it is 
actually contained in ip'^, i.e. it lies in YIpkg ■^(^p') satisfies Al, A2, and A3. 
We first prove the following 

Lemma 89. Let P < P' < G such that [P' : P] = p. Let C G C{G) be such that 
G^ is contained in P' hut not in P. Then 



nrp {ip{ac{xc))) 



m MUp/[Up>,Up>]). 
Proof: Recall that 

Hence 



ac{xc) 



'^{ac{xc)) 



But nvp {ip{xc)) = Y[k=o^Cpi'^i^c)) by lemma f l5U]) . Hence we get the result. □ 
Using Ml we now show that the image of C satisfies Al. Let P < P' < G such 
that [P', P'] < P and if P is a non-trivial cyclic group then [P', P'] ^ P. Then we 
consider following 3 cases: 
Case 1: P is not cyclic. Then 

-*-P \p^\P'r\Y[^,^{aa{xc^)r\ 

1 / nrp'(xp')^^l'^' 
= ^ ^Hnr^'(nc'^(«c'(xc'))l^'l 



p^\p'\ ''\]\cvMxc)y\c\ 

ap{xpr\P\ 



= vr^'(£p((xc))). 

In the products G' runs through all cyclic subgroups of G such that G'^ < P' and 
G runs through all cyclic subgroups of G such that G^ < P. 
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Case 2: When P is cyclic but P' is not. Then 

1 , / X' 



p2|p| 



Here C runs through all cyclic subgroups of G such that < P. Now note that 



Hence 



1 if CP ^ P 

if CP = p 

ap{xp) 



^(^(ac(xc)) 
= n^'{Cp{ixc))). 

Here in the product C runs through all cyclic subgroup of G such that G^ = P. 
Case 3: When P' is cyclic. This case is easy by above lemma. 

A2 and A3 are clear from M2 and M4 respectively. We now show that image of 
C is actually contained in YIp<gMUp)- As Cp{{xc)) e Tp for all P G G{G) this 
follows from proposition [64l Hence image of C is contained in 

Let us show exactness at Let (xp) G Ker{C). Since log is an isomorphism 
on pTp, we have 

ap(a^p) _ 
uf{a{{xc)))~ ' 

for all P G C(G). Consider first the cyclic subgroup P for which there is no 
P' G G{G) with P'P = P. Then the denominator of the above expression is 1. 
Hence we have ap{xp) = 1. By induction we get that ap{xp) = 1 for all P G G{G) 
and consequently ap{xp) = 1 for all P < G. The only torsion in Ao{U^)^ is 
/i(0) X Up^ by a theorem of Higman [16]. But for P non-cyclic, ap(xp) = Xp. 
Hence xp G /i(0) x Up^ for all non-cyclic subgroups P. Also, X|^|/v9(a;{i}) = 1, 
hence by the exact sequence in definition (ITOl) G /i(0) x 

Let P < P' G C(G) with [P' : P] = p. Then Up is an index p subgroup of Up'. 
Hence nrp (x) = YK=o ^f" (^) by lemma flSOp . This is precisely the denominator of 
ap'{x) for any nontrivial cyclic subgroup P' of G. Using Ml and using induction 
on the order of cyclic subgroups (this time starting with the trivial subgroup) we 
conclude that xp G yu(0) x Up for all cyclic subgroups P. Now we use induction 
on index of subgroup P in G. Let P < G be of index p. Then M3 implies that 
verp^xc) = xp(mod Tp^c)- Since xg and xp are in /i(0) x Q"-^ and x U'^ 

respectively, the congruence implies equality. One proceeds by induction on [G : P] 
to conclude that (x p) must be in the image of /i(0) X This shows that ker{C) 
is contained in the image of /x(0) x Q'^^. The converse is trivial. 

Next we show exactness at ip'^' . First note that the map 
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is given by uj{{ap)p<G) = ^{clg) ^ G"'^^ where the second u is 
in definition f lTOj) . 

Claim: For any {xc)c e we have Cg{{xc)c) = 

Proof of the claim: Let >Cg((xc)c) = (ap)p<G € ■j/''^. Then 

P&C(G) 

in Ao(^"^). Hence 

pgc(g) ■ 

1 . . 1 . T-P 

1 a;^ A 1 ^{1} 



logi \ - logi ) 

, 1 / ap(a;p) 



p[G : P] ^]\p,^C{G):[P':P\=P^^^P'^^P')) 



P&C{G) 

1 . / ^{1} 



-log 



+ 



p2|G| ''\ip{x{i})Pllp'^iapixp,))P 

ap{xpy\p\ 



p'\G\ "vvnp'^(«p'(^p'))^i^i 

1 ^^^^ UpeC{G)<^pixpy^^^ 



p^\G\ y<^{x{i})P YlpeC(G):P^{i} v{oip{xp)yP\ 

1 , fUp^c{G)^p(^py^^^ 

-log' 



Hence 



"V UG{a{{xc)c)) 



log{xf\) = log{ n «p(^p)"'')- 

PeC(G) 

Applying ip to both side gives 

log{^{xGy\^\) = logi n ^(«p(^p))"'') = logiuGia{xG)G)). 

P(iC{G) 

Hence 

>CG((a;c)c7) = ^nTT^ogl—^^^-——) = -logf^^). 

p^\G\ \UG{{a{xc)c))^ P ^^{xg>^ 



IWASAWA THEORY FOR TOTALLY REAL FIELDS 



65 



This finishes proof of the claim. Hence 

u:{C{{xc)c)) = uj{Cg{{xc)c)) = co[hog[-^) 

by exact sequence in definition [TDl Hence the image of C is contained in the 
kernel of u. On the other hand, let a G be in the kernel of u. Then by the 
previous lemma, the additive theorem and the exact sequence in definition [TU] we 
get X G K[{Ao{G)) such that (3'^{L{x)) = a. We finish the proof by using the 
commutativity of the following diagram 



K[iAom 



G 



Ao{Z)[ConjiG)y 

^.PG 



Hence we have C{9 (x)) = a and we get the exactness at . 



Proof of theorem 

tative diagram 



ab 



□ 

From the previous lemmas we have the following commu- 

^gab 



K[{Ao{Q)) 



/i(0) X g 



Ao{Z)[Conj{G)Y 

/3« 



ab 



G 



G 



->,ab 



The theorem now follows by the five lemma. 

Proof of theorem I53t It follows from lemma |85] and the fact 



□ 



n n Ao(f/p)^ = *f , 



P<G 



that the image of 9^ is contained in Moreover, from 



P<G 



and theorem [52], we obtain that 



P<G 



□ 



Corollary 90. Let Q he a compact p-adic Lie group with a quotient isomorphic to 
Zp and let O he the ring of integers in a finite unramified extension of Qp. Then 
K[{Ao{g)) injects in K[{Ao{Q)s)- 
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6. Arithmetic side of the proof 

To prove the main theorem (theorem [TT]) we need to prove (by virtue of the 
reductions in sectionHl more precisely theorems UJ[ U7\ 15 ^ 15^ the main conjecture 
for admissible p-adic Lie extension Foo/F satisfying /i = hypothesis such that 
Gal{Foo/ F) = A X Q, where ^ is a pio-p p-adic Lie group of dimension one and 
A is a finite cyclic group of order prime to p. 

Notations 91. Recall that we have fixed an open central pro-cyclic subgroup Z of 
Q and put G = Q/Z. Also recall C{G) is the set of cyclic subgroups of G and for 
every P < G we put Up to be the inverse image of P in Q . We denote the field 
F^'^^p by Fp and denote the field f]^^'^^' by Kp. Then Kp/Fp is an abelian 
extension with Gal{Kp/Fp) = A x Uf. We denote the field F^x^sC/p by FwgP- 
Note that F^gP C Fp and Gal{Fp / F^^p) = WqP ■ We denote the Deligne-Ribet, 
Cassou-Nogues, Barsky p-adic zeta function for the abelian extension Kp/Fp by 
(p. R is an element in A(A x U'^)g. Let Co be the p-adic zeta function of the 
extension Foo/F^^^'' . Recall that we have fixed a finite set E of finite primes of 
F containing all primes which ramify in Foo- Let Sp denote the set of primes of 
Fp lying above S. Let rp := [Fp : Q] and dp = [Fp : F]. If a group P acts on a 
set X, then we denote the stabiliser of x X by P^- 

6.L The strategy of Burns and Kato. 

Lemma 92. Let p be an irreducible Artin representation of Q . Then there is a 
one dimensional representation x of Q inflated from F such that p®x is trivial on 
Z. 

Proof: We use induction on the order of Q/Z. By proposition 24 in Serre 
either 

a) p restricted to Z is isotypic (i.e. direct sum of isomorphic irreducible represen- 
tations) OR 

b) p is induced from an irreducible representation of a proper subgroup A oi Q 
containing Z. 

In case a) let p|r = ®iXi Define x = Xi^ for any i (note that Xi\z = Xj\z for 
any i,j). Then p ® x is trivial on Z. 

In case b) Say p = Ind^{ri). Let r be such that image of A in F is F^*^. By 
induction hypothesis we can find a x inflated from F^"^ such that ® x is trivial 
on Z. We may extend x to x on F. Then 

Ind^{r] ® x) = Ind^{ri) ®x = P®X- 

Since rj ® x|z is trivial and Z is central, Ind^{r] ® x)|z = (p ® x)\z is trivial. □ 

Proposition 93. With the notations as above, the main conjecture is true for 
Foo/F if and only if (Cp)p e $f . Note that here <l>f = $f r^, 
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Proof: Let / G i^'((A(A x Q)s) be any element such that 

dif) = -[CiF^/F)]. 

Let 0f (/) = {fp)p in IIp<g x )s • Then (/p)p G $f by theorem[53l Define 
Up = Cpf-\ As d{fp) = d{Cp) = -[C{Kp/Fp)l we have up G K[{k{^ x f/^'')). 
Moreover, if (Cp)p ^ '^'f; then {up)p G Then by theorem [S^ there is a unique 
u G i^((A(A X ^)) such that 9{u) = (up). Define C = C{Foo/F) = uf. We claim 
that ( is the p-adic zeta function satisfying the main conjecture for Foo/F. It is 
clear that d{() = —[C{Foo/F)]. We now show the interpolation property. Let p be 
an irreducible Artin representation of Q. Let a be a one dimensional representation 
of Q given by the previous lemma i.e. such that p®(T is trivial on Z. Then p®a = 
Indfj^{r]) for some P < G (by theorem 16 Serre We denote the restriction of 

a to Up by the same letter a. Hence p = Ind^^{ri)®a^^ = Ind^^{ri®{a^^)). Then 
for any character x of A and any positive integer r divisible by [Foo{pp) '■ -^oo]? we 
have 



= Lj:{xp,l-r) 

Hence ( satisfies the required interpolation property. □ 
Hence we need to show the following 

Theorem 94. The tuple (Cp)p<g in the set Y[p<cM^ ^ Up'')^ satisfies 
Ml. For allP <P' <G such that [P\ P'] < P, ~we have 

nrp'iCp') = TTpiCp). 

M2. The tuple {(p) p is fixed by every g E Q under the conjugation action. 
M3. ForP<P'<G such that [P' : P] = p, we have 

verp\(p>) = (p{mod Tp^pi^s)- 
M4. For every nontrivial cyclic subgroup P of G the following congruence 

rf—f 77^ = l{mod pTp^s), 

where the product is over all P' G C{G) such that P'^ = P and P' 7^ P, holds. 
For P = {1} the following congruence holds 

^^-r TT^ = H^od pT^iy^s), 

where P' runs through nontrivial cyclic subgroups of G of order p. 
Proposition 95. The tuple (Cp)p in- the theorem satisfies Ml. and M2. 
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Proof Let P < P' he two subgroups of G such that [P', P'] < P. Then we must 
show that 

in A{AxUp/[Up', Up>])s- Let p be an irreducible Artin representation of Up/[Up>, Upi] 
and let r be any positive integer divisible by [Foo{np) : Foo]. Then for any character 
X of A, we have 

nrp (CpO ixpi^Fp ) = Cp' (x^^c^SJp (p) i^f^, ) 

On the other hand 

T^p {Cp){xPI^'fp) = (pixpi^Fp) 

= Lsp(xp, 1 -r). 

Since both nrp'(Cp/) and 7Tp'{(p) interpolate the same values on a dense subset 
of representations of A x Up/[Up',Upr], they must be equal. This shows that the 
tuple (Cp)p satisfies ML 

Next we show that the tuple (Cp)p satisfies M2 i.e. for all e ^ 

g{Cp)g~^ = CffPg-i 

in gA{A x Uf)g''^ = A(A x gUfg'^) = A(A x U^pg-i). We let p be any one 
dimensional Artin representation of gUpg~^ and r be any positive integer divisible 
by [F^{pp) : Foo]- Then for any character x of A, we have 

9{Cp)9'\xPKf^p^_J = Cp{x9P9"^i^Fp) 

= L^p{X9P9'\ 1 - r) 

= Lj:{xlndfj^{gpg-^), 1 - r) 

On the other hand 

CgPg-^iXP^F^p^.J = LspixP, 1 - r) 

= Ls(x/n4 ^^(p),l-r). 

But Ind^^{gpg~^) — Indfj Hence g(Cp)g~^ and CgPg-^ interpolate the 

same values on a dense subset of representations of A x gUp'g~^ and so must be 
equal. This proves that the tuple (Cp)p satisfies M2. □ 
The rest of the paper is devoted to proving that (^p) p satisfies M3 and M4. 
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6.2. Basic congruences. The congruence M4 is multiplicative and does not yield 
directly to the method of Deligne-Ribet. In this section we state certain additive 
congruences which yield to the Deligne-Ribet method as we show in the following 
sections. These congruences are then used in the last section to prove M4. 

Let p be the maximal ideal of Zp[/ip]. 

Proposition 96. For every P < P' < G such that [P' : P]= p, we have 

(10) verp{Cp>) = C,p{mod Tp^P',s)- 

Proposition 97. For every P G C{G) such that there is no P' e C{G) with 
P C P' , we have 

(11) Cp = ojUCp)iniodpTp,s)- 

Proposition 98. If P e C{G) such that there is a P' e C{G) with P'p = P, we 
have 

(12) Cp = ^</'(Cp')(^o^T^p,5), 

P' 

where P' runs through all cyclic subgroups of G such that P' ^ P and P'^ = P. 

Proposition 99. If P E G{G) and P' E C{G) such that P' ^ P and P'p = P, 

then 

(13) Cp = v{Cp'){mod Tp^NgP',s)- 

(14) Co^^iC{i})imodp\G\) 

The congruence flTUl) is of course M3. Other congruences will be put together in 
subsection 16. 131 to prove M4. We prove the above propositions in section (16.121) . 

6.3. L- values. Let j > 0. Let x E AxUf>^/ZP\ Then we define 5^^) : Axf/^^ -> C 
to be the characteristic function of the coset x of Z^^ in A x Uf!'. Define the partial 
zeta function by 

C(^^^^'^) = E^' fori?e(.)>l, 

where the sum is over all ideals a of O^p which are prime to Sp, the Artin symbol 
of a in A X [/p^ is denoted by ga and the absolute norm of the ideal a is denoted by 
A^(a). A well known theorem of Klingen [23] and Seigel [35] says that the function 
C{S^^\ s) has analytic continuation to the whole complex place except for a simple 
pole at s = 1, and that Ci^^^\ 1 — k) is rational for any even positive integer k. 
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If e is a locally constant function on A x with values in a Q vector space V, 
say for a large enough j 

Then the special value L-£p{e, 1 — k) can be canonically defined as 

(15) Ls,(e,l-fc)= Yl e{x)C{S^^\l-k)eV. 

If e is an Artin character of degree 1, then LY,p{e, 1 — /c) is of course the value at 
1 — k of the complex L-function associated to e with Euler factors at primes in Ep 
removed. If e is a locally constant Qp-values function on A x Up^, then for any 
positive integer k is divisible by [Foo(/ip) : -Foo] and any u G Uf!^, we define 

(16) A^(e, 1 - A;) = L^p{e, 1 - k) - K{ufL^p{e.,, 1 - A;), 

where e„ is a locally constant function defined by eu{g) = e{ug), for all e A x U^. 

6.4. Approximation to p-adic zeta functions. We get a sequence of elements 
in certain group rings which essentially approximate the abelian p-adic zeta func- 
tions Cp. These group rings are obtained as follows. Recall that k, is the p-adic 
cyclotomic character of F. Let / be a positive integer such that k^~^{Z) = l+p^Zp. 

Definition 100. Let P < P' < G be such that P is normal in P' . Define Tp^p'j 
be the image of the map 

trp,p,, : Zp[A X Uf/Z^]/{pf+^) ^ Z,[A x t/^V^"1 

given by 

Y 9xg~^- 

geP'/P 

We denote Tp^r^^pj simply by Tp j. 
Lemma 101. We have an isomorphism 

A(A x Uf) ^ lim Zp[A x U^/ZP']/{p^+^). 

If P < P' < G are such that P is normal in P' , then under this isomorphism Tppi 
maps isomorphically to lim Tp^p/j. 

j 

Proof: We prove the surjectivity first. Given any 

{Xj), e lim Zp[A X U^^/ZP']/{pf+^), 

j>0 

we construct a canonical Xj e Zp[A x /Z^] as follows: for every t > j, let Xt be 
the image of e Zp[A x Uf /ZP']/{pf+^) in Zp[A x Uf /ZP^]/{pf+*). Then {xt)t>j 
for an inverse system. We define Xj to be the limit of Xt in Zp[A x /Z^\. The 
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tuple {xj)j>Q forms an inverse system. We define x to be their limit in A(A x U^). 
This is an inverse image of {xj)j>o in A(A x Up). This construction also proves 
the injectivity of the map. 

To prove the second assertion we use the following exact sequence 

^ Ker(trp,p,,j) ^ Zp[A x C/«VZ^]/(p^+^) ^ Tp,p,,j ^ 0. 

Passing to the inverse limit over j gives 

^ lim Ker{trp,P'j) A(A x Uf) lim Tp,p/j ^ 0. 
j j 

Exactness on the right is because all the abehan groups involved are finite. Hence 
Tp,p, ^ lim Tp,p,j. □ 

j 

Proposition 102. (Ritter-Weiss) For any j > and any positive integer k 
divisible by [Fooil^p) '■ Foe], the natural surjection o/ A(A x Uf!') onto Zp[A x 
Uf/ZP']/{pf+^), maps (1 - u)Cp G A(A x Uf) to 

A^(5(^),l-A;)«;(a;)-^a; {modp^+^). 

In particular, we are claiming that the inverse limit is independent of the choice 
of k. Also note that since x is a coset of Z^^^ in A x Lf^ , the value k{x)'^ is well 
defined only module p^'^^ . 

Proof: Since (p is a pseudomeasure, (1 — m)Cp lies in A(A x U^). We prove the 
proposition in 3 steps: first we show that the sums form an inverse system. Second 
we show that the inverse limit is independent of the choice of k. And thirdly we 
show that it interpolates the same values as (1 — m)Cp- 
Stepl: Let j > be an integer. Let 

TT : Zp[A x Uf!'/ZP'^']/{pf+^+^) ^ Zp[A x Uf!'/ZP']/{pf+^), 
denote the natural projection. Then 

Ti(^ J2 A^(5(^),l -A;)«(x)-'=x) 

^ J2 { Yl A^(5(^),l - A;)/t(a;)-V(x)j(modp^+^) 
= E {^yy'y E A^(5(-),l-fc))(modp^+^) 
E A^(5(2'),l-A;)«;(7/)-'=7/(modp^+^). 
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Here the second equality is because for any x G A x f/p^/Z^^^^ we have k,{x)^ = 
K{y)''{mod pf^^) if n{x) = y. This shows that the sums form an inverse system. 

Step2: The inverse hmit would be independent of the choice of k if we show 
that for any two positive integers k and k' divisible by [Foo{fip) : -Foo], we have 

J2 A^((5("),l-A;)/t(x)-^x = Ap(<5^"\l-A;')/«(a;)"'''a;(modp^+^), 
Or equivalently that, 

(17) A^(5(^'), 1 - k)K{x)-^ = A^(5(^), 1 - k')K{x)~'''{mod 



for all X G A X U'^ /Z^ . Choose a locally constant function i] : A x Up — )• 
such that = fi;[-^°°('^p)--^°°l(mod Define the functions and e^' 

from A X f/^^ to Qp by 

and 

Then the function (ekK-^~^ — ekiK^'~^) takes values in Zp. Hence the congruence 
(fT7|) is satisfied by Deligne-Ribet ([8], theorem 0.4). 
Step3: Let 

C„ = lim ( A^((5(^), 1 - k)K{x)-^x(mod /+■'■)) G A(A x U^j^). 

Let e be a locally constant function on A x factoring through A x U'j^' / for 
some j > 0. Note that for every i> j 

AUS^^\l-k)e{x) 

x£AxUf,''/ZP^ 



= E 




, 1 — k)e{x) — 


Y 




- k)e{x) 


xeAxUf,''/ZP' 






xeAxUf,''/ZP'- 






= E 




, 1 — k)e{x) — 


Y 




1 — k)e{x 








x&AxU'^S'/ZP^ 






= E 




, 1 — k)e{x) — 


Y 




- k)e{ux) 








x&AxV^^/ZP^ 






= L(e, 1-A;) 


— «;(«) 


"Lie^, 1 - k) 









Ap(e,l-fc). 
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Then by definition of Cm, for any i > j, v/e have 

Qi^'^e) = J2 ^p{^^''\ 1 - k)e{x){mod 

xeAxU'^''/ZP^ 

= A^(e,l - A;)(mod p^+'). 

On the other hand, by definition of the p-adic zeta function or the construction 
of Dehgne-Ribet (see discussion after theorem 0.5 in Dehgne-Ribet [8j|) we have 

(l-w)Cp(«:'=e) = A^(e,l-fc). 

Hence {l — u)(p = (u because they interpolate the same values on all on cyclotomic 
twists of locally constant functions. This finishes the proof of the proposition. □ 

6.5. A sufficient condition to prove the basic congruences. 

Lemma 103. Let y be a coset of Z^^ in A x W^. Then for any u E Z and for 

any g E Q, we have 

A^(5(^), 1 - A;) = A" 1 - k). 



Proof: It is sufficient to show that C{S^y\ 1-k) = ({S^^yg 1 - fc) because of the 
following: 

A^5^y\ i-k) = a6^y\ i-k)- K\u)a6iy\ 1 - fc), 

a;p^_,(5(^^^-'), i-k) = c{5^'jy<^"\ i~k)- K'iu)a5^:jy<^"\ 1 - k). 

But 

^(y) _ ^{w'^y) g^j^^ ^{gyg'^) _ ^{u'^gyg~^) _ ^{gu^^yg'^) ^ 

Now to show that C(5^^\ 1 - A;) = C{5'^3yg-^\ 1 - k), note that for Re{s) > 1 

s{gyg''^){a \ 
t(^{gyg-^) '-^"^ 



E 



N{a9y 

Since ^{S^y^y \s) and C{5^y\s) are meromorphic functions agreeing on the right 
half plane, we deduce ({S^^y^ \l — k) = Ci^^^K ^ ~ k), as required. □ 

Proposition 104. To prove the congruence [T^) in proposition it is sufficient 
to prove the following: for any J > 1 and any coset y of Z^^ in A x If^ fixed by 
P' and any u E Z 

(18) Af{6'^y\ l-k) = A^,(5(^) o ver^', 1 - pk){mod pZp) 

for all positive integers k divisible by [Foo(/ip) : -Foo]- 
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Proof: By lemma [T02] the image of (1 - uP)Cp in Zp[A x U^yZP']/{pf+^-^) is 

(19) 1 - k)K{y)-''y {mod pf+^-^). 

And the image of (1 - m)Cp' in Zp[A x Uf, / Z'p''^]/ {pf+^-^) is 

Let Vp^pi be the kernel of the homomorphism vevp : U'^, — t- V^. Then Vp^p'nZ = 
{1} which implies that the map 

A X U^yVp^p^ZP"'' ^ A X U^^/ZP" 

induced by verp is injective. Moreover ^(Vp^p/)^ = {1}. Hence the image of 
ver^'iil - u)Cp') = (1 - uP)ver^' {Cp') in Zp[A x Uf /Z^']/ {pf+^-^) is 

^ A^,(5(^), 1 - pk)K{x)-P''ver^' {x){mod p^^^-^), 

x(^AxUf,/Vpi^pZP^~'^ 

which can be written as 

(20) 5Z Ap'(5^^^ o ^^erj^', 1 - pA;)/t(?/)-^y(mod /+-'-^) 

because if y ^ Im{verp), then t^^^-* o vevp = and if ?/ = vevp (x), then /t(y)'^ = 
K{xy^. Subtracting ( 120|) from ( 1T9|) gives 

(21) ^ (^A^'(5(J')ot;erj^',l-A;)-A^,(5(^),l-pfc))/€(?/)-'=?/(modp^+^-i). 

If y is fixed by P' then {j^'^p {5^y\ I - k) - A}„{6^y\ 1 - pk)^K{y)-^y = py = 

O(mod Tp^pi j) under equation (fT8|) . On the other hand if y is not fixed by P', then 
the full y orbit of under action of P' in the above sum is 

Y (A^75(^^^-^), 1 - A;) - A^,(5(^') o ver'p, 1 - pk))K{gyg-')-'gyg-' 

g&P'/P 

= (A^;{5^y\l-k)-AU5^y^°ver^;A-pk))K{y)-' ^ gyg-' 

gdP'/P 

^Tp^pij. 

The second equality is by lemma [TU51 Hence the sum in f l2ip lies in Tppi j{mod p^^^^^). 
By lemma [M] (1 - uP){Cp - ver^'{Cp>)) G Tp,p/. By as u is a central element con- 
gruence ffTU]) holds. □ 
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Remark 105. The proof of following three proposition is very similar to the above 
proof. 

Proposition 106. To prove congruence / fli]) in proposition [9l\ ) it is sufficient to 
show the following: for any j > and any coset y of Z"^ in IS. x Up whose image 
in P is a generator of P, and any u E Z 

(22) A''p''{6^y\ l-k) = 0{mod \{WGP)y\Zp), 
for all positive integers k divisible by [Fao{^p) : -Foo]- 

Proof: Let v = u'^'" . Then by lemma fT02] the image of (1 — v)C,p — tUp((l — v)C,p) 
in Zp[A X Up/Z-p']/{pf+^) is 

(23) ^P^^^'^^ 1 - ^Xyy'iy - ^p(?/))(mod p^+^). 

yeAxUp/ZP^ 

In the image of y in P is not a generator of P, then y — ujp{y) = 0. For y whose 
image in P is a generator of P, we look at the WqP orbit of y in expression fl23|) . 
It is 

AUS^^y^''\ 1 - pHgyg-Y\gyg-' - uU9y9-')imod /+^) 

geWGP/iWGP)y 

=AU6^y\ 1 - k)^{y)-' Y (ayg-' - ooUgyg'')) 

g&WGP/{WGP)y 

which lies in pTp j under equation fl22]) and then the sum in expression fl25]) lies in 
pTpj. Then by lemmaHUD (1 - v){Cp - Wp(Cp)) e pTp. As f is a central element 
congruence f|TT]) holds. □ 

Proposition 107. To prove congruence [W\) in proposition / fPg)) it is sufficient to 
prove the following: for any j > and any coset y of Z'^ in A x Up, and any 
ue Z 

(24) A^'^(5(2'),l-fc) ^^A^'^^' (5(^)0 (^,l-pA;)(mo(i \{WGP)y\I^p), 

p' 

for all positive integers k divisible by [FodfJ'p) '■ -Foo]- The sum in the congruence 
runs over all P' G C{G) such that P'p = P and P' ^ P . 

Proof: Let v = u'^^^'p. By lemma 11021 the image of (1 — f^)Cp in Zp[A x 
Up/ZP']/{p^+^-^) is 

(25) Y ('^^^^ 1 - k)K{y)-^y{mod p^+^-^). 

y&Ay.Up/ZP^ 

And the image of (1 - v)Qp' in Zp[A x Up> / Z^''^]/ {pf+^~^) is 

Y A^,(5(^\ 1 - pk)K{xY^^x{jiiod pf+^-^). 

xeAxUp,/ZP^~^ 
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Let Vp^p' be the kernel of the homomorphism : Up> ^ Up. Then Vp^p> (IZ = {1} 
which imphes that the map 

A X Up./Vp^p.Z'P''' ^ A X Up/Z'P" 

induced by (p is injective. Moreover, niVp^pi)^ = {1}. Hence the image of 
Ep, ¥^((1 - v)Cp') = (1 - yP) Ep. ^iCp') in Zp[A x Up/ZP']/ipf+^-^) is 

J2 ^P'i5^"\ 1 - pk)K{x)-P''ip{x)imod /+^-'), 

which can be written as 

(26) Yl ^P'i^^''^ ° 1 - pk)K{y)-''y {mod 

because if y ^ Im(Lp), then 5^^^ o = and ii y = fix), then ^(y)'' = k^xY'^. 
Subtracting ( 126|) from ( 125|) gives 

(27) ^ (^A^'(5(J'\l-fc)-^ A^, (5(^)0 v9,l-pA;))/€(?/)-'=y(modp^+^-^) 

y£AxUp/ZP^ P' 

Now we take the orbit of ?/ in the sum in (127|) under the action of WgP- It is 
(a^^(5(^), 1 - A;) - ^ A^p,(5(^) o^, 1 -pA:))«:(i/)-'^ ^ (^y^^-^ 

P' 9&WGP/{WGP)y 

which hes in Tpj (mod pf^^~^) under equation fl24p and then the sum in expression 
([27D hes in Tpj(mod pf^^-^). Then by lemma (1-^^^)(Cp-Ep' <^(Cp')) ^ Tp. 
As f is a central element congruence f|T2l) holds. □ 



Proposition 108. To prove congruence ( f73]) m proposition / fPP|) zs sufficient to 
prove the following: for any j > 0, any coset y of Z'^ in A x Up and any u in Z 

(28) A^"'"" {5^y\ l-k) = Afr' (5^^) o 1 - pk){mod \{NgP' / P)y\Zp), 

for all positive integers k divisible by [Foo(/Up) : Foo]. 

To prove the congruence ( [7^ m proposition ( f^) zs sufficient to show the 
following: for any j > 1, any coset y of Z^ in Ax Z^ and any u in Z^ 

(29) Af {5^y\ l~k)= Af||' {5^y^ o v9, 1 - pk){mod p\G\Zp), 
for any positive integer k divisible by [Foo(/Up) : -Fqo]- 

Proof: We will only prove the first assertion. Proof of the second one exactly 
the same. Let v = u'^p' . By lemma 11021 the image of (1 — f^)Cp in ^p[A x 
Up/ZP']/{pf+^-^) is 

(30) Y ^p{S^^\l-k)K{y)-''y{modp^+^~^). 

yeAxUp/ZP^ 
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And the image of (1 - v)Cp> in Zp[A x Up>/ZP''']/{pf+^~^) is 

xeAxUp, /ZP^~'^ 

Let Vp,p' be the kernel of the homomorphism (p : Up' — )• Up. Then Vp^p> (IZ = {1} 
which imphes that the map 

A X Up>/Vp^p>ZP'~' -> A X Up/ZP' 

induced by if is injective. Moreover k{Vp^p')'' = {1}. Hence the image of (p{{l — 
v)Cp') = (1 - vP)ip{Cp>) in Zp[A X Up/ZP']/{pf+^-') is 

J2 A^,(5("\ 1 - pk)Kix)-P''ipix) {mod 

which can be written as 

(31) J2 A^,(5(^) o 1 - pA;)ft(|/)-'=2/(mod p^+^-^) 

because if y ^ Im((p), then t^^^-* o y9 = and if = '/'(x), then ^(y)'' = /t(x)^^. 
Subtracting (1311) from (l30l) we get 

(32) ^ (^A^"(5(^),l-A:)-A^,(5(^)o(^,l-pfc))K(?/)-'=?/(mod/+^-i). 

Now for a fixed ?/ G A x Up/Z^^ we take the orbit of ?/ in this sum under the action 
of iV = NgP/P'. It is 



(a^;(5(^), 1 - fc) - A^,(5(^) o ^, 1 - pA;))/s:(y)-'^ Yl 



gyg ^ 



geN/Ny 

which hes in Tp^Ar^p/j (mod p-^^-'"^) under equation (128|) and then the sum in (l32l) 
hes in Tp^jVgP'j(mod p'^'^^^^). Then by lemma (110 II) {l—vP){(p—ip{(pi)) e Tp^^^pi. 
As f is a central element congruence ([T^ holds. □ 

6.6. Hilbert modular forms. In this section we briefly recall the basic notions 
in the theory of Hilbert modular forms. Let L be an arbitrary totally real number 
field of degree r over Q. Let i^^ be the Hilbert upper half plane of L. Let S 
be a finite set of finite primes of L containing all primes above p. Let k be the 
p-adic cyclotomic character of L. Let f be an integral ideal of L with all its prime 
factors in S. We put (j'L^(L ® M) for the group of all 2 x 2 matrices with totally 
positive determinant. For any even positive integer /c, the group G'L^(L (g) M) acts 
on functions / : S^l — )■ C by 

f\k(l \ ){r)= U{ad - hcr-M{cr + d)-'fC^^\ 
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where A/" : L ® C ^ C is the norm map. Set 

roo(f) = {(^ d) ^SL2{L):a,dei + f,be^-\cefX>}, 

where D is the different of L/Q. A Hilbert modular form f of weight k on roo(f) 
is a holomorphic function f : S)l ^ (which we assume to be holomorphic at oo 
if L = Q) satisfying 

flkM^f for all M e roo(f). 

The space of all Hilbert modular forms of weight k on roo(f) is denoted by 
Mk(roo{f),C). Since / is invariant under the translation r i->- r + 6 (for b e S)""*"), 
we may expand / as a Fourier series to get the standard g-expansion 

/(T)=c(0,/) + 5]c(/x,/)g^, 

where n runs through all totally positive elements in and = e^'^**^^/*J*^'*'^^ 

6.7. Restrictions along diagonal. Let L' be another totally real number field 
containing L. Let r' be the degree of L' over L. The inclusion of L in L' induces 
maps S)l — > ^L' and SL2{L ® R) A SL2{L' R). For a holomorphic function 
/ : S^L' C, wc define the "restriction along diagonal" Rv/hf : — >■ C by 
RL'/Lf{r) = f{r*). We then have 

{RL'/Lf)\r'kM^RL'/L{f\kM*), 

for any M e SL2{L R). Let f be an integral ideal of L, then Rl'/l induces a 
map 

Rl'/l : Mfc(roo(fOLO,C) ^ M,,fc(roo(f),C). 
If the standard g-expansion of / is 

c(0,/)+ c{uj)ql„ 
then the standard g-expansion of Rl'/lJ is 

Here and O^, denotes totally positive elements of and Ol' respectively. 
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6.8. Cusps. Let Ax, be the ring of finite adeles of L. Then by strong approxima- 
tion 

SL2{kL)^VM-SL2{L). 

Any M e SL2{Al) can be written as M1M2 with Mi e roo(f) and M2 G SL2{L). 
We define f\kM to be /|feM2. Any a in determines a cusp. We let 

The q-expansion of f at the cusp determined by a is defined to the standard q- 
expansion of f\a- We write it as 

c(0, a, /) + ^ c(//, a, f)q1, 

where the sum is restricted to all totally positive elements of L which lie in the 

square of the ideal "generated" by a. 

Lemma 109. Let f be an integral ideal in L. Let f G M,fc(roo(fOx'), C). Then 
the constant term of the q-expansion of RLi/Lf at the cusp determined by a E A^ 
is equal to the constant term of the q-expansion of f at the cusp determined by 
a* e A^, i.e. 

c{0,a,RL'/Lf)^c{0,a*,f). 



Proof: The g-cxpansion of / at the cusp determined by a* is the standard q- 
expansion of f\a*- Similarly, the g-expansion of Ri'/if at the cusp determined by 
a is the standard g-cxpansion of (-Rl'/l/)^- But (-Rl'/l/)^ = RL'/L{f\a*)- D 

6.9. A Hecke operator. 

Lemma 110. Let (5 E Ol be a totally positive element. Assume that f C POi. 
Then there is a Hecke operator Uj^ on Mfc(roo(f), C) so that for f e Mfe(roo(f), C) 
has the standard q-expansion of f\kUi3 is 

Proof: The claimed operator C/g is the one defined by ^ ° ^ . Then 

roo(f)(^ J ) roo(f) = u,roo(f) ( J 

where b ranges over all coset representatives of f^T) in 2) and the union is a disjoint 
union. Define 

f\kU,iT)^Af{f3r/'-'j2f\^{l ^)(^)' 
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where b runs through the set of coset representatives of in D. Then 



b ' 

b fi 

= C(0, /) + AfiP)-^ Yl /)e2"*^VQ(/^-//3)(^ g2^itr^/Q(M6//3)^) 

The sum e2'^**''VQ(/^V/3) = g unless fi G /30l. On the other hand, if /x G /30l, 
then ^^e2'^^*''VQ(/^V'3) = A/'(/3). Hence we get 

/Uf//3(r) = c(0,/) + Ec(/i/3,/)g^ 

□ 

6.10. Eisenstein series. The following proposition is proven by Deligne-Ribet 
(0, proposition 6.1). 

Proposition 111. Let Ls be the maximal abelian totally real extension of L un- 
ramified outside S. Let e be a locally constant C-valued function on Gal{LY./ L) . 
Then for every even positive integer k 

(i) There is an integral ideal f of L with all its prime factors in S, and a Hilbert 
modular form Gk^t Mk{TQQ{f),C) with standard q- expansion 

2-L(e, 1 - ^) + E ( E <9.)N{ar-') ql 

11 a 

where the first sum ranges over all totally positive fi G Ol, and the second sum 
ranges over all integral ideals a of L containing fi and prime to S. Here Qa is the 
image of a under the Artin symbol map. N{a) denotes norm of the ideal a. 
(a) Let q-expansion of Gk,e at the cusp determined by any a G has constant 
term 

N\{a))2-^L{egA-k), 

where (a) is the ideal of L generated by a and N{{a)) is its norm. The element g 
is the image of (a) under the Artin symbol map (see for instance 2.22 in Deligne- 
Ribet j. The locally constant function eg is given by 

eg{h) = e{gh) for all h G Gal{Lj]/ L). 
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6.11. The g-expansion principle. Let / G Mfc(roo(f), Q)) i.e. c(/i, a,/) G Q for 
all fi G U {0} and all a G A^. Suppose the standard g-expansion of / has all 
non-constant coefficients in Z(p), Let a G be a finite adele. Then 

c(0,/)-iV(a,)-'=c(0,a,/)GZp. 

Here ap E L ®q Qp is the pth component of a and N : L ®q Qp — > Qp is the norm 
map. This is the g-expansion principle of Deligne-Ribet (see [S] 0.3 and 5.13-5.15). 

Remark 112. Hence ifu is the image in Gal{Lj^/ L) of an idele a under the Artin 
symbol map, then using the equation N{{a))^N{ap)^'' = k,(uY , we get 

c(0, Gfe,,) - iV(ap)-'=c(0, a, G,,,) = 2-^ A"(e, l-k), 
for any positive even integer k. 

6.12. Proof of the sufficient conditions in section 16.51 

Proposition 113. The sufficient condition in proposition il04\) for proving propo- 
sition (EQj holds. Hence MS holds. 

Proof: We must show that for any P < P' < Gp such that [P' : P] = p and any 
j > 0, any coset y of Z^^ in A x fixed by P' and any m in Z, we have the 
congruence 

A''p{6^y\ l-k) = A^,(5(^) o ver^', l-pk){mod pZp), 

for all positive integers k divisible by [Foo(/ip) : -Foo]- Choose an integral ideal f 
of Fpi such that the Hilbert Eisenstein series Gj^^giy) and G^j^ g(y)^^^^p' , given by 
proposition fillip , on S)p and Sjpp, respectively are defined over T Qo{f Opp) and 
roo(f) respectively. Moreover, we may assume that all prime ideals dividing f lie 
in T^Fp, and f C pOpp,- Define E by 

E = RFp/Fp,{Gk,5(y))\pkUp - Gpk,5(y)overP'- 

Let a G A^^^ whose image in A x W^, under the Artin symbol map coincides with 
u. Then by lemma 11091 and remark 11121 

c{0,E) - N{ap)-P''c{0,a,E) 

= 2-"^A^'((5(^), 1-k)- 2-"^' A^,(5(^) o ver^', 1 - pk). 

Note that the image of a* in A x U'}^ under the Artin symbol map is u^. Since 
2-rp ^ 2~^p' (mod p) it is enough to prove, using the g-expansion principle that 
the non-constant terms of the standard g expansion of E all lie in pZi(p) i.e. for all 

c(/i,E) = c{pfi,RFp/Fp,{Gk.S(y))) - c(/i,G'pfc,5(,)o^er^') 

= J2s'~'\9.)N{br-' -J2^'^y\g.o,p)N{ay'-' G pZ^p^ 

{b,ri) a 
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Here the pairs {b,r]) runs through all integral ideals b of Fp which arc prime to 
T^Fp and contains the totally positive element rj E Opp and trpp/Pp,{ri) = pix. The 
ideal a runs through all integral ideals of Fp/ prime to E^?^, and contains ji. The 
group P' /P acts trivially on the pair (6,77) if and only if there is an such that 
aOpp = b and r] G Opp,. In this case 

On the other hand, if P'/P does not act trivially on the (b,??), then the orbit of 
(b, 77) under the action of P'/P in the above sum is 

geP'/P 

^\P'/P\5^y\g,)N{b)''-' 

Here in the second equality we use that 5^'^\ggbg~^) — 5*^^^(fi'b) because y is fixed 
under the action of P' . This proves the proposition. □ 

Lemma 114. Let P e C{G) he such that there is no P' e C{G) with P'p = P. 
Let P < N < NqP- Then the image of the transfer homomorphism 

ver -.N^-^^P 

is a proper subgroup of P. 

Proof: Recall the definition of transfer map. Let g E N. Let {xi, . . . ,Xn} be the 
double coset representatives {g)\N/P. Let m be the smallest integer such that 
g"^ — 1. Then a set of left coset representatives of P in is 

{1, 5", ■ ■ ■ , g"^"^: xi,gxi, . . . , g'^'^xi, . . . , gxn, . . . , g'^'^Xn}. 
for all < i < m — 1 and 1 < j < n, we define hij{g) e P by 

gig'xj) = g''xj>hij{g). 
for a unique < i' < m — 1 and 1 < j' < n. Then 

h ( ) — I ^ ifi<m — 2 

^^^^^ ~ \ x~^g"^Xj if i = m - 1 

Hence ver{g) = YYj=iXj^g"^Xj. \i g ^ P then g™- is not a generator of P because 
of our assumption on P. Hence ver{g) is not generator of P. On the other hand 
if g E P then 

ver{g) = x'^gx. 
xeN/p 
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Since both P and are p-groups, the action of on the subgroup of order p of 

r — 1 

P is trivial If is the order of g then acts trivially on g'^ . Hence 
verigf"" = JJ x-'gP'''\ = JJ gP'^" = 1. 

xeN/P x&N/P 

Hence ver{g) is not a generator of P. □ 

Proposition 115. The sufficient condition in proposition U06\) for proving propo- 
sition [9l\ ) holds. 

Proof: We must show that for any P G C{G) such that there is no P' G C{G) 
with pop' and any j > 0, any coset y of Z^^ in A x Up whose image in P is a 
generator of P and any u in Z we have 

A^'^(5(J'), 1 - A;) = O(mod \{WGP)y\Zp), 

for any positive integer k divisible by [Foo(/ip) : Foo]- Choose an integral ideal f of 
Opy^p such that the Hilbert Eisenstein series Gj.^^{y) over S^Pp, given by proposition 
fillip , is defined on Vqq{^Ofp)- Define 

E = RFp/Fwp{Gk^5{v))- 

Then £^ is a Hilbert modular form of weight dpk on roo(f). Let a be a finite idele of 
Fy/p whose image under the Artin symbol map coincides with u. Then by lemma 
I1U9I and remark 1112^ we have 

c(0, E) - Ar(ap)-'^^^c(0, a, E) = 2-''^A^'^ {S^y\ 1-k). 

Hence, using the g-expansion principle, it is enough to prove that the non-constant 
terms of the standard g-expansion of E all he in |(P1g-P)s/|^{p) i-e. for any /i G 
Ot , 

^Wp ' 

c{fi,E) = Y^6^y\g,)N{b)''-' G \{WGP)y\Z^p), 

where runs through all integral ideals b of Fp which are prime to T,pp and 

z/ G b is totally positive with trpp/p^^^u) = dpfi. The group (WGP)y acts on the 
pairs (bju). Let V be the stabiliser of (b, z/). Then there is an integral ideal c of 
Fy ■= Fp and a totally positive element rj of Opy such that cOpp = b and u = rj. 
If V is nontrivial group then S^^^gi,) = by lemma fillip . On the other hand, if 
V is trivial, then the (WGP)y orbit of (b, u) in the above sum is 

S^y\gg,g-')N{bn'-' 

ge{WGP)y 

= \iWGP)y\6^y\g,)N{b)''' 
e\{WGP)y\Z^r>y 



84 IWASAWA THEORY FOR TOTALLY REAL FIELDS 

Here the second equality uses the fact that 5'^^\ggbg^^) = ^^^\gb) for any g E 
{WGP)y This proves the proposition. □ 



Proposition 116. The sufficient condition in proposition ( 101 ) for proving propo- 
sition /f23) holds. 



Proof: We have to show that for any P G C{G) such that there exists a P' G C{G) 
with P'^ = P, any j > 0, any coset y of Z^^ in A x f/p and any u in Z, we have 

A-;^{6^y\ l-k)^Yl ^p'^'^i^'^'^ pk){mod \{WG,P)y\Z,), 

p' 

for any positive integer k divisible by [Poo(yUp) : -^oo]- The sum here runs through 
all P' G C{G) such that [P' : P] = p. 

Choose an integral ideal f of F^qP such that the Hilbert Eisenstein series Gf^^^iy) 
and ,5(h)o^, given by proposition fillip , on Sjpp and i^p^, respectively are defined 
over T oo{f Opp) and T Qo{f Opp,) respectively for every P' G G{G) such that [P' : 
P] = p. We may assume that all prime factors of f are in p and f C 

Gp 

dpOpyv^ p. Define 

E = RFp/Fw(.p{Gk,S<^y))\dpkUdp — RFp,/Fwr,p{Gpk,5(y)oip)\dpkUdp/p- 

P' 

Then E G M^pkiXoo^f), C). Let a be a finite idele of PvkgP whose image under the 
Artin symbol map coincides with u. Then by lemma fTOQl and remark [1121 

c{0,E) - N{ap)-'^^''c{0,a,E) 

p' 

As 2-''^ = 2-''^/P(mod rp) and vp > \{WGP)y\, 

2-p {^Siv) ^ 1 - k) -^2-'-^l'P/\i^r'\5'^y^ o if, 1 -pk) 

p' 

^2-'-- (a^'"(5(^), 1 - k) -J^^f'^'i^^'^ ° V, l-pk)){mod \{WGP)y\Z,). 

p' 

Hence using the g-expansion principle it is enough to prove that the non-constant 
terms of the standard g-expansion of E all lie in \{WGP)y\1^{p) i.e. for all totally 
positive /i in Op^^^p, we have 

c{fJ^,E) = c{dpfj,, Rpp/p^^p{Gf,^s(y))) - ^c{dpfi/p, Rpp,/p^^p{Gpf,^giy)^^)) 

p' 

= J26'^y\g,)N{b)'-' -J2J2^'^'^(9.0pp)N{ar-' G \{WGP)y\Z^,y 

Here the pair (b, if) runs through all integral ideals b of Fp which are prime to Sp^ 
and 7] G b is a totally positive element with trpp/p^ pirf) = dpfi. The pair (a, u) 
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runs through all integral ideals a of Fp' which are prime to S^^, and z/ G a is a 
totally positive element with trppi/Fw^pi^) = dpfi/p. The group WgP acts on the 
pairs (b,//) and (a, z/). Let V C {WGP)y be the stabiliser of {b,!]). Then there is 
an integral ideal c of Fy '■= Fp and a totally positive element 7 in Oi?^ such that 
cOpp = b and = 7. Then the (Wg-P)?/ orbit of {b,!]) in the above sum is 

E {5^'\99.9-')Nibn'-' -J2^^'^(99^9~')Nibr'-') 

g&{WGP)y/V P' 

= \{WGP)y/V\6^y\g,)^N{br-' - NibY'-') 

Here in the first line P' runs through all P' G C{G) with [P' : P] = p such 
that P'/P C V. The second sum if if V is trivial and in that case inclusion 
in the last line is trivial. The first equality uses 5'^y\99b9^^) = ^^^\9h) ss, g E 
{WGP)y. The last inclusion is because A^(c)l^l = A^(c)l^l/P(mod \V\). This proves 
the proposition. □ 

Proposition 117. The sufficient conditions in proposition UU8\) for proving propo- 
sition 123) hold. 

Proof: We just prove the sufficient condition for congruence f lT^ . Proof of the 
other sufficient condition in proposition fllOSp is similar. We must show that for 
any P G C{G) and any P' G C{G) such that [P' : P] = p, for any j > 0, any coset 
y of Z^^ in A X f/p and any u in Z 

Ai^''"{6^y\ l-k) = Ai!r'{6^y^ o ^, 1 -pA;)(mod \{NgP' / P)y\'2^p), 

for any positive integer k divisible by [Poo(/^p) : -^oo]- 

Choose an integral ideal f of FwqP' such that the Hilbert Eisenstein series G^^^cy) 
and Gpi.^g(y)„^, given by proposition (lllip . on Sjpp and Sjp^, respectively are defined 
over T QQ^f Opp) and ^QQ^fOpp,). Moreover, we may assume that all prime factors 
of f are in . and f C pdp'Op,,^ „, . Define 

E = RFp/F^^p,iGk,5(y'))\pdp,kUpdp, — Rppi /Fy^^pi{Gpk,S<~y)oLp)\pdp,kUdpi ■ 

Then E G Mpdp,k{Xoo{^)i'^)- Let o; be a finite idele of PvkgP' whose image under 
the Artin symbol map coincides with u. Then by lemma 11091 and remark 11121 

c(0, E) - N{ap)-P'^p'c{Q, a, E) = 2-"-^ ^i!'"" {5^y\ I - k) - 2-'^' A^r' {5^y\ l-pk). 
As 2-'^^ = 2-'^^^'(mod rp) and rp > \{NGP'/P)yl 

2-rp^«;'*p' i^^{y)^ i-k)- 2-'^' A'f!,^' {6'^y\ 1 - pk) 

=2-'^ (^Af"" {6^y\ 1-k)- Air 1 - pk)) (mod \{NgP' / P)y\I^p). 
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Hence using the g-expansion principle it is enough to prove that the non-constant 
terms of the standard g-expansion of E all he in \ {NgP' / P)y\'Z'(p) i.e. for all totally 
positive II in Op^^^, we have 

c{l^,E) = C{pdp>fl, RFp/F^^p,{Gk,SM)) - c{dp'H,RFp,/F^^p,{Gpk,5(v')o^)) 
(b,?7) {a,u) 

Here the pairs {b,ri) runs through all integral ideals b of Fp which are prime to 
Tipp and ?7 G b is a totally positive element with t^Fp/F^^pXv) = pdp'ii. The pairs 
(a, u) runs through all integral ideals a of Fpi which are prime to S^?^, and u E a 
is a totally positive element with tTFp,/F^^p,{v) — dpiji. The group NqP' /P acts 
on the pairs (b, rj) and (a, v). Let V C {NqP' /P)y be the stabiliser of (b, r]). Then 
there is an integral ideal c of Fy := Fp and a totally positive element 7 of 
such that cOpp = b and rj = ^f. First assume that is a non-trivial group. Then 
the {NqP' / P)y orbit of {b,ri) in the above sum is 

E {d^'\99,9-')N{by)'-' - S(y\gg,g-')N{br''-') 

geiNaP'/P)y/V 

^\{NGP'/P)y/V\S^y\g,)[N{b)'^-' - 7V(b)^'^-i) 

= \{NGP'/P)y/V\6^y\g,)(^N{cy^\^''-^^ - N{cy^^^''-^yp^ 

e\{NGP'/P)y\Z^py 

On the other hand if is a trivial group then the {NqP' /P)y orbit of the pair 
(b, rj) in the above sum is 

E S^y\gg,g-')Nib^r-' = \{NgP' /P)y\S^y\g,)Nib)'-\ 

ge{NGP'/P)y 

In both cases the first equality uses S^^y^gg^g'^) = S'^^^gb) for g G {NqP' /P)y In 
the first case we also use the fact that A^(c)l^l = A^(c)l^l/^(mod |\^|). This proves 
the proposition. □ 

6.13. Proof of M4. from the basic congruences. We have proved the basic 
congruences in previous subsections. We want to deduce M4 from these congru- 
ences. However, we cannot do it directly for the extension F^/F. We use the 
following trick: we extend our field slightly to Foo D -^00 such that F^ol F is an ad- 
missible p-adic Lie extension satisfying = hypothesis and Gal{Fao/ F) = A x ^ 
with Q = H X Q, where ^ is a cyclic group of order IG]. We know the basic 
congruences for Foo/F which we use to deduce the M4 for F^o/F. This proves the 
main conjecture for F^/F and hence implies the main conjecture for F^/F. 
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6.13.1. The field Fqo- Choose a prime / large enough such that / = l(mod \G\) 
and Q(/Xi) n = Q. Let K be the extension of Q contained in Q(/x;) such that 
[X : Q] = Define F ^ KF and F^ = FF^. Then 

Gal{F^/F) = Gal{F/F) x Gal{F^/F) =: H x A x G =: g. 

Then define G = g/Z xAxG. 

6.13.2. A key lemma. We extend the field to F^o as we need the following key 
lemma. For any P e C{G), define the integer ip by 

ip = maXp,^c^^){[P':P]\P^P'} 

Lemma 118. Let P e C{G). If P {1}, then 

Tp c pi|A(A X Up) 

Clearly 

T{i} = |G'|A(A X Z). 
Similar statement holds for Tp^s o-nd Tp. 

Proof: Case 1: P C H. Then ip ^ [H : P] and N^P = G acts trivially on 
A(A X Up). Hence 

Tp = [G : P]A(A X Up) = \G\[H : P]A(A x C/p). 

If P 7^ {1}, then |G| > pip. Hence the claim. 

Ceise 2: P ^ H. Let P be generated by {h,h), with h e H and h e G. By 
assumption 7^ 1. Let P' G C(G') such that [P' : P] = ip. Let (ho, ho) be a 
generator of P' such that h^f — h and /ig^ — h. Now note that 

H X (/lo) C A^G^ 
acts trivially onA(AxC/p). As P C H x {Hq) this imphes that 

= ^^A(A X f/p) 

= |i7|ipA(A X Up) 
C pipA{A X Up). 

The last containment holds because \H\ > pip. The same proof goes through for 
the statement about Tp^s and Tp. □ 
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6.13.3. Completion of the proof. 

Lemma 119. For any P G C{G) and any < k < p — 1, we have 

ip 

Hence C?-/ IlCo ^p(Cp) e 1+pTp^s/ip- 

Proof: We use reverse induction on \P\. When P is a maximal cyclic subgroup 
ip = 1 and the required congruence is proven in proposition |971 In general we use 
the congruence in proposition [98] so that 

(33) Cp - 4(Cp) = Yl (^(^^') - ^p(^(Cp'))) 

p' 

(34) = ^^(Cp' - 4'(Cp'))(mod pTp,s), 

p' 

for appropriately chosen up and up'. But by induction hypothesis 

Cp'-4'(Cp')ep^. 

ip/ 

Now for any P' G C{G) such that [P' : P] = p, note that 

Tp^s 



(p{ ^ xTp>^sx ^] 



C 



x&N^P/NqP' ^ 

This finishes the proof of the first assertion noting that ip = pip'. Hence 

p-i 

ep^l[u;U(p){rnod pTp,sM. 

But since both sides of the congruence are invariant under the action ofGal{Qp{iJ,pj/ -^pj, 
we get 

p-i 

ep^l[uUCp){modpTp,sM- 

k=0 



□ 



Hence 



which implies 



l09{^) ^ 1 - ^mod (pfpAp)^ 
Cp Cp 
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Then 



Up'fi(^p'iCp')) 



log, ,^p-i,,k 

■V 

ip{Cp,) J \ (p 



pvi.Cp') - ELo ^pi.vi.Cp'))\ [pCp - ELo ^p(Cp) 



pviCp') - ELo ^pi'PiCp'))\ fPviCp') - ELi ^p(Cp 



A^p(<^(^ 

Cp^{Cp' 



P' 

, ,fe 



^ (p^(CpO - Er>p(y(CpO))(Cp - ^(CpO) , , 



P' 

Here we use (pTp/ip)'^ C pTp as implied by lemma fTTSl The second congruence 
above uses congruence [SH Now note that 

PV'(Cp') ^ E'^pIv'ICp')) ^ P'^(Tpi/ipi) (by lemma fTT9|) 

fe=0 

and 

Cp - V5(Cp') e Tp^N^p> (by congruence ([I3]) and ([HD). 

Hence 

P-i 

(pV5(Cp') - ^^pi^iCp'))) (Cp - V5(Cp')) e pip{fp,/ip,)fp^N^p> C pfp^N^p^. 

k=0 

Which in turn implies that 
Hence 

^ ( np^v^(c^pKCpO) ^ 

As /o(7 induces an isomorphism between 1 + pTp and pTp, we have 

Up'Vi^P'iCp')) ^ T , „T 

Cp/ llfc=o ^pICpJ 
But by lemma [IIS] j7^^iTfe^\ e 1 + pTp^s/^p and 

1 + pfp n 1 + pTp^s/ ^p = 1 + pTp,5- 

Hence 

Up'Vi^P'iCp')) ,^rp 

Cp/ llfc=o ^pICpJ 
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When P 7^ {1}, this is the required congruence M4. When P = {1}, note 



that 11^=0 '^|i|(C{i}) = Co- This can be seen either by interpolation properties 



of 11^=0 '^{i}(C{i}) and Co or by lemma \5U\ Hence we get 

C{l}/Co 

Now use the basic congruence (IT^ which says Co = f{C{i})(j^od p\G\)- Note that 
T^ij^s = |G'|A(A X Z)s. Hence 

C{i}/</'(C{i}) 

This is M4 for P = {1}. This finishes proof of the main theorem [TTl 
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